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Abstract:

Numerical modeling of pollutant spills that are released instantaneously in rivers has
been commonly applied for water quality purposes. Recently, different numerical
schemes have been used to solve for the river hydrodynamics from the shallow water
equations (SWEs), affecting the longitudinal pollutant concentrations prediction of the
advection-dispersion equation (ADE). In this study, two numerical schemes for solving
the SWEs, Explicit Leap-Frog Scheme (ELFs) and Implicit Crank-Nicolson Scheme
(ICNs), were implemented based on a field case study, and the pollutant concentrations
distribution along the river were explored and compared to the ADE analytical solution.
Results showed that the maximum concentration predicted by the ICNs decreased from
0.1071 to 0.0084 ppm after 5 and 8 days from the spill date, respectively, with an
average flow velocity of 0.1545 m/sec. On the other hand, the maximum concentration
predicted by the ELFs decreased from 0.1068 to 0.0083 ppm during the same period
with an average flow velocity of 0.1550 m/sec. Accordingly. both schemes revealed
good agreement compared to the analytical solution, for instance, at the simulation time
of 8 days the ICNs statistical errors were RMSE of 0.000174 ppm and MAE of
0.0000771 ppm, while the ELFs errors were RMSE of 0.000182 ppm and MAE of
0.0000824 ppm. In terms of computational time, the ICNs spent higher cost of about
0.5982 sec during the simulation period of 8 days, while the ELFs took about 0.1738
sec for the same period. Furthermore, for both schemes as the longitudinal increments
value of the finite difference grid increases, the model time step increases and the
execution time decreases. Thus, it is necessary to choose time step and spatial increment
length that obey the governing equation stability condition in order to conserve the
concentrations distribution along the river spatially and temporally and make good
predictions.

1. Introduction

concentration of pollutants in the plume center and
decreases towards its borders under the traditional

The numerical prediction of instantaneous spills
release in rivers is one of the areas that provide
support for water quality management processes [1-
57]. Spills may be (oils, fuel, chemicals, wastewater
or any other mass). These spills result from (ship
collision, shipping, storage, ship cleaning, tearing
and leaking of pipelines and other accidents). When
pollutants are spilled at a release site, the pollutant
spill is highly concentrated and appears as a small
plume in the water. When a pollutant moves
downstream through advection, it also spreads
through the river. Due to diffusion, the plume
becomes larger and contains the highest

Fickian dispersion theory. Measurements of
concentration in space at a given time result in a
graph similar to the Gaussian distribution curve
[22]. Hence, the flow velocity and water depth are
important hydraulic parameters in the pollutant
transport process [26]. Accordingly, reliable
methods must be developed to predict the transport
of instantaneous spills in rivers in order to prevent
large-scale spills and disasters [16,58].

Since the instantaneous spills can transport for long
distance along the river length with various risk
ranges, a crucial modeling technique for simulating
the dispersion of pollutants is solving the ADE.
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One of the efficient numerical solution methods is
by finite differences. Different models have been
developed with various numerical approaches to
predict the pollutant concentrations over distance
and time. Depending on the developed model
complexity, different accuracy scores have been
achieved compared to the exact pollutant
concentrations distribution, which is Gaussian
distribution. For instance, Yip et al. (2021) solved
the one dimensional advection-dispersion equation
(ADE) numerically to model an ideal instantaneous
pollutant releases of pollutants inside a 2.5 m
narrow straight channel of constant longitudinal
velocity (0.00083 m/sec) [56]. The numerical
solution was performed explicitly using the upwind
scheme for the advection term and the 2"-order
central difference for the dispersion term. To verify
the validity of the model, it was compared with the
analytical solution, taking into account the factors
affecting the transport of pollutants such as the
diffusion coefficient and longitudinal velocity. This
simple model case required a very low time step
(0.001 min) to simulate 313 spatial nodes in order
to achieve the numerical stability and get the best
agreement with the analytical solution (a
symmetrical bell shaped distribution). The spill can
transport longitudinally in rives for long distance
downstream depending on the substance decay rate,
dispersion coefficient, and longitudinal velocity.
Hence, adding the decay rate to the ADE in
addition to spatial and temporal variability of
longitudinal velocity must be considered in real
case studies associated to river systems. Regarding
the diffusivity influence on the bell shaped
distribution, Peruzzi et al. (2021) [29] conducted a
field tracer study to measure the longitudinal
dispersion coefficient in typical rural channels to
understand the most appropriate longitudinal
dispersion coefficient empirical formulas when
implementing one-dimensional models [29]. The
plume concentrations of the injected sodium
chloride were compared to the ADE analytical
solution temporally and spatially, producing less
than 8% difference between the maximum
concentrations with less than 0.0044 Kg/m® root
mean squared error. In addition, skewed theoretical
Gaussian distribution generated at a fixed location
over time with 0.0026 Kg/m?® root mean squared
error. The results also showed that the greater the
dispersion coefficient, distance, and time, the lower
the concentration. Even though the ADE exact
solution is a perfect bell shape, the concentration
field distribution was shifted to the left or right,
following the exact solution of Gaussian
distribution shape. Similarly, various models have
been developed with different numerical schemes
to solve the ADE in the context of pollutant
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transport in rivers. For example, [4] and [39]
employed the explicit Crank-Nicolson finite
difference scheme in the solution method. A
comparison between analytical and numerical
solutions was conducted to validate the accuracy of
the numerical model. Their results demonstrated
that the numerical model is highly accurate, with a
very low error percentage compared to the
analytical solution. Additionally, it was emphasized
that a very small spatial step is crucial to ensure the
stability of the model and to yield precise results.
Various values were considered for diffusion
coefficient, velocity, and time, revealing that as
these parameters increased, the concentration of
pollutants decreased. Furthermore, an increase in
velocity resulted in a greater distance over which
the pollutant spreads.

To be more realistic, it is important to account for
the river hydrodynamic variability over time and
space in the ADE solution such as flow velocity
and water surface height [40,45]. In river systems,
the longitudinal length scale is much larger the
other dimensions’ scale in which the water depth is
much smaller than the wave length; therefore, the
widely  applicable  hydrodynamic  governing
equations are the Shallow-Water Equations
(SWEs), also known as Saint-Venant Equations
[39,38,40,47,52]. Various efficient numerical
schemes are greatly significant in solving the
SWEs. In [32], the SWEs were linked to the ADE
numerically to predict the concentration of
pollutants along a channel of 30 m long during a
simulation period of 30 sec. The numerical Lax-
Friedrich scheme was implemented to simulate the
water depth and velocity in conjunction with the
Explicit Forward in Time and Central Differences
in Space for first and second derivatives of the
ADE numerical solution (EFTCS) to simulate the
pollutant distribution. As a result, the concentration
of pollutants moves downstream with time, and the
mass of the pollutant decreases as time increases.
Commonly, the Explicit Leap-Frog scheme (ELFs)
and Implicit Crank-Nicolson scheme (ICNs) are
popular numerical schemes for solving the SWEs
efficiently [48]. It was used the ELFs to solve the
SWEs and studied the influence of Courant Number
(Cr) on the numerical solution stability [43]. The
stability analysis of the scheme showed that the
SWEs can become weakly unstable at a Cr value of
0.5, confirming the findings of [14]. Hence, it is
required that a Cr value of less than 0.5 exists for
the ELFs stability. Regarding the ICN scheme, [31]
employed the ICNs for the SWEs and EFTCS for
ADE simultaneously to model the water quality
parameters in streams. In this model, the UPWIND
scheme was used to discretize the ADE advection
term. It was found that determining the velocity
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profile and water level by the SWEs finite
difference methods were effective in providing
information on pollutant concentrations,
emphasizing the real-world applications capability
of the ADE explicit numerical solutions.

In this analysis, two numerical schemes (explicit
Leap-Frog scheme and implicit Crank-Nicolson
scheme) were implemented in the SWES numerical
computations to be linked to the ADE numerical
solution of the instantaneous spills release in rivers.
Thus, the numerical comparisons will determine the
main differences between the numerical schemes’
influences on the pollutant distribution for long
distances and times along the river stream.
Consequently, the model sensitively to change
numerical parameters such as space and time
increments will be highlighted under the influence
of both numerical schemes.

2. Materials and methods

Figure 1 shows a conceptual framework for
studying the numerical performance evaluation
applied in this study. In order to obtain the river
longitudinal velocity (u) and the propagating water
surface wave height (d) along the river length, the
Explicit Leap-Frog and Implicit Crank-Nicolson
schemes (ELFs and ICNs) were implemented to
solve the SWEs. The pollutant concentration (c) is
then determined longitudinally and temporally by
solving the ADE analytically and numerically.
Until the best calibrated and validated results of
less statistical errors are obtained, the solutions of
both ADE and SWEs are repeated simultaneously
over the simulation period (t).
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Figure 1. Conceptual framework of the study.

2.1 Hydrodynamics and  Water

Transport Equations

Quality

Three governing equations were used to build a
one-dimensional numerical model to simulate the

instantaneous spills release in rivers. The Shallow-
Water Equations (SWEs) are derived from the
Navier Stokes equations to be the two fundamental
hydrodynamic governing equations of continuity
(Eg. 1) and momentum (Eq. 2). The water quality
transport is governed by the advection-dispersion
equation (ADE) to be the third governing equation
(Eq. 3) [12,50]:

6d+Dau_0 1
ot ox @

6u+ ad cf.ulul_0 5
at at D @

6C+16uAC_E62AC KC 3
ot A dx A 0x2 )

Where D is the river water depth at any distance
along the river length (m) in which D =d’ +d, d’
is the initial river water height (m), d is the
fluctuating wave height at the river water surface at
any distance along the river length (m), u is the
river average longitudinal velocity (m/sec), G is the
acceleration of gravity (m/sec?), cf is the coefficient
friction and can be calculated from Chezy,
Manning, or Darcy—Weisbach equations [1,27,53],
C is the cross-sectional average concentration
(ppm), E is the longitudinal dispersion coefficient,
m?/sec, A is the river cross section area (m?), K is
the chemical degradation rate (1/sec) and t is the
time.

Hydrodynamic Governing Equations Solutions
The ELFs and ICNs were used in the finite
difference discretization to solve the SWEs
equations (Eg. 1 and 2) based on an equally spacing
grid distribution as in Figure 2, where j and i are
counters for the space and time, respectively.

The ELFs is based on the idea of jumping two time
increments through the time scale domain [24,38].
(Eq. 4 and 5) and (Eq.6 and 7) display the finite
difference approximations of the continuity and
momentum equation, respectively, by
implementing the ELFs with longitudinal distance
increment of Ax and temporal increment of At.
Solving these finite differences equation gives (d
and u) at the next time level (i+1 and i+2,
respectively). Hence, the numerical stability
restriction for this scheme needs Cr = uAt/Ax < 0.5
[17,25,43].

G -dt e
2At 2Ax

=0 (4)

. - At .
4t =di7 =D = (W —w,) ()
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Figure 2. Grid discretization for (a) ELFs (b) ICNs.
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Regarding the ICNs, the characterization is

relatively easy to code for both linear and nonlinear
problems [20]. Its implementation to the SWEs are
as shown in Eg. 8 and 9 to be solved for the
hydrodynamic variables at the next time level (i+1)
([23]; [58]), in which the solution is semi-implicit
when Bis between 0 and 1, the solution is fully
explicit when B =0, and the solution is fully
implicit when 8 = 1. Using the implicit 8 values
leads to a system of linear algebraic equations to be
solved by using Thomas algorithm method for each
longitudinal row of unknown nodes in the domain
to calculate u and d along the x-direction [2,15]. To
maintain a stable solution for the ICNs, the time
step was chosen based on the Courant-Friedrichs-

Lewy (CFL) condition, Cry = \/gDAt/Ax < 1, [11].

di*t — g - ufft —uftt o B)Diu}ﬂ —ul_,
At 2Ax 2Ax
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j-1 " -1 j j—1 j — %1
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+ 0 (Bul*l + (1 - Buf_,)
=0 9

Water Quality Transport Equation Solutions
The ADE (Eg. 3) was solved explicitly by using the
EFTCS along with UPWIND scheme for the

advective term as shown in Eq. 10 and 11. The
explicit solution assumes that all spatial terms in
addition to the sources and sinks term are known
from the current time level (i) and it has to solve for
the dependent variable at next time level (i+1). As a
result, it is simpler and involves less computations
cost. For the numerical stability purposes, this
solution is only stable when EAt/Ax? < 0.5

[6,52,56,30,41,28,32,33,13].
C/*' = C' — At[UPWIND]
EAt i i i
+ szA]z; [AH%(CJH - Cj)
— Ai—‘% (C] - Cl—%)]
— KC/At (10)
UPWIND

[(uACI;'- — uAc i) (Afa) uf 2 0

. : , . } (11)
(uac |i = uac|i,,)/(Alax) wi < 0

Based on the above ELFs, ICNs, and EFTCS
stability condition, minimum time step At must be
met during the numerical computations, At=
min(AtSWES,AtADE). In addltlon, the ADE (Eq 3)
was solved analytically for an instantaneous spill
release of a mass M in grams (g) into a river in
which the spill transports immediately and
longitudinally along the x-axis by the advection,
dispersion, and reaction processes after passing the
outfall mixing zone (the spill location) as shown in
Eqg. 12 [9].

c=_24 [[x —utl” kt] 12)
= exp — |———
avamge T 4E¢

2.2 Model Application

The Ohio River in the eastern United States of
America, shown in Figure 3, was chosen as a field
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case study to build and run the developed model
[10]. The river dimensions are (average length of
480000 m, average width of 800 m, and average
depth of the river 10 m) with average discharge of
1500 m?/sec. On Saturday, January 2, 1988, over
3.8 million gallons of diesel oil collapsed in a
storage tank in Pittsburgh. About 800,000 gallons
spilled into the river at that time. The river length
was discretized using longitudinal increments (Ax)
of 3001 m. The spill location is located at i = 2 and
that was happened on day 2 from the start of the
simulation. In addition, it was assumed that the
decay rate (K) of 0.75 1/day, dispersion coefficient
(E) of 700 m?/sec, and river friction coefficient (cf)
of 0.015.

In this application, the numerical model was
validated by comparing the ADE numerical
solution predictions (Crumerical) t0 the analytical
solution results (Canayicar). Statistical errors such as
MAE (Eg. 13) and RMSE (Eqg. 14) were used to
assess and evaluate model performance based on N
comparisons [36,18,8,2]. Other statistics that
determine the shape of the spill Gaussian plume
curve such as mean (u), standard deviation (o),
variance (o?), skewness (Skew), and Kurtosis
(Kurt) were evaluated as shown in Eq. 15 to 18,
where x; is the value of each data point, [19,21,49].

N
Zl |Cnumerical - Canalytical |

N

MAE = (13)

T (14

1 N
u= szxi (15)
1 N
o= Jﬁzm(xi w2 16)
N — 3
Skew = %Ziﬂ [(XL p M)] a7

1~V [ =]
kure=5 > [@] (18)

3. Results and Discussion

2
RMSE = \/le\l(cnumerical - Canalytical)

3.1 Model predictions of the instantaneous spill
release by the ICNs and ELFs

The model was run using the available field data of
Ohio River spill to simulate and predict the
pollutant fate and transport along the river. The two
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Figure 3. Study area map: A field case study.

numerical schemes were used for the numerical
solution of SWEs. Figure 4a and 4b show the
model performance results against the analytical
solution for the case study presented for the Ohio
River for both ICNs and ELFs, respectively, in
order to verify the performance of the model. The
model simulation after different times from the
mass spill's start date by using both schemes
reached almost the same results. When modeling
the instantaneous spill release in rivers by the water
quality transport equation, the most important
feature of the longitudinal concentrations
distribution to be predicted by the model is the
leading and trailing sides of the plume
concentrations compared to its peak. It is essential
to predict the peak concentration because it gives
information about the magnitude of the event. On
the other hand, the plume sides are also important
because they show how long the pollutant remains
present [5]. Under the conventional (Fickian)
dispersion theory, concentration measurements in
space at a certain time after the release will result in
a plume similar to a Gaussian bell shape.

According to the model results, the maximum
concentrations occurred in the mixing zone at the
outfall of the immediate spill and diminished as
river distance increases. Furthermore, as travel time
increases, the maximum pollutant concentration
reduced as the spill mass moves downstream along
the river length. For example, from 5 to 8 days, the
maximum concentration predicted by the ICNs
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decreased from 0.1071 to 0.0084 ppm with an
average flow velocity of 0.1545 m/sec (an
analytical solution of a maximum concentration
reduction from 0.1067 to 0.0089 ppm). On the other
hand, the maximum concentration predicted by the
ELFs decreased from 0.1068 to 0.0083 ppm with an
average flow velocity of 0.1550 m/sec (an
analytical solution of a maximum concentration
reduction from 0.1066 to 0.0089 ppm). Hence, the
relationship  between the pollutant transport
distance and time versus its concentrations is
opposite as the pollution plume flows with the river
length, forming a traveling bell-shaped plume of
concentrations. The longer travel time and distance
along the river are, the lower plume amplitude, the
larger pollutant distribution [34,35]. Nevertheless,
the ICNs spent higher computational time cost of
about 0.5982 sec during the simulation period of 8
days, for example, while ELFs took about 0.1738
sec for the same period. This is due to the fact that
the ICNs is an implicit scheme and requires solving
a system of simultaneous linear algebraic equations
every time level during the simulation period, while
it is not for the ELFs. In addition, the ELFs skips
one time step due to its numerical discretization
method.

By making comparisons between the numerical
solutions (ICNs and ELFs-based) and the analytical
solution, there was very good agreement during the
simulation times, providing good agreement with
the analytical solution at the leading and trailing
sides at all times. The statistical errors were very
good reflecting the model robustness. The ICNs
statistical errors were (RMSE: 0.0021 ppm and
MAE: 0.000905 ppm) at time of 5 days and
(RMSE: 0.000174 ppm and MAE: 0.0000771 ppm)
at time of 8 days, while the ELFs errors were when
travel time of 5 days the (RMSE: 0.0022 ppm and
MAE: 0.000976 ppm) at time of 5 days (RMSE:
0.000182 ppm and MAE: 0.0000824 ppm) at time
of 8 days. This reflects the model's ability to predict
pollutant concentrations during different times
along the river. Furthermore, Table 1 shows the
plume  characteristics of  the  pollutant
concentrations distribution (Figure 4a and 4b)
obtained by the model compared to the ADE
analytical solution for the both SWEs schemes.
Thus, it has been proven that the one-dimensional
model is able to predict pollutant concentrations
and agrees very well with the analytical solution.
3.2 Model predictions of  the river
hydrodynamics for both ICNs and ELFs

The river water level and velocity of the model
predictions were compared between the ICNs and
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Figure 4. Numerical model predictions compared to the
analytical solution at different times (t) along the river
length (Q=1500 m¥/sec, cf= 0.015, slope=0) by (a) ICNs
(b) ELFs); (ticns, teLrs, and ta are the simulation period
associated with each solution).

ELFs. This comparison is necessary to verify the
accuracy of the two schemes in balancing the
height and velocity of the river water. Figure 5(al)
and 5(b1) depicts the river velocity at which the
pollutant moves along the distance of the river for
both schemes at the same flow condition and time.
The average of velocity for the ICNs at the
simulation time of 5, 6, 7, and 8 days was 0.1467,
0.1502, 0.1527, and 0.1545 m/sec, respectively,
while for the ELFs the average velocity at the same
times was 0.1550, 0.1507, 0.1532, and 0.1550
m/sec, respectively. Figure 5(a2) and 5(b2) displays
the water levels of the river at different simulation
times. The average water level at the same
simulation time was 10.7194, 10.7660, 10.8006,
and 10.8264 m, respectively, for the ICNs, while it
was 10.7096, 10.7546, 10.7877, and 10.8123 m,
respectively for the ELFs. It is clear that both
schemes produced same results almost. These slight
difference between the river hydrodynamics
predictions of the ICNs and ELFs (Figure 5) was
the divergence reason for the model pollutant
concentration distribution of both schemes (Figure
4).

3.3 Model predictions sensitivity to change the
grid spatial resolution

Figure 6 and 7 show the model predictions of the
instantaneous spill release for both implicit and
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Table 1. Statistical summary for the plume pollutant concentrations distribution using the ICNs and ELFs compared to
the analytical solution at different simulation times (t).

ICNs t =5 days t = 6 days t =7 days t = 8 days
statistics Numerical | Analytical | Numerical | Analytical | Numerical | Analytical | Numerical | Analytical
u (ppm) 0.0129 0.0133 0.0061 0.0063 0.0129 0.0133 0.0061 0.0063
o (ppm) 0.0287 0.0289 0.0125 0.0129 0.0287 0.0289 0.0125 0.0129
o2 (ppm) 0.000825 0.000834 0.000157 0.000165 0.000825 0.000834 0.000157 0.000165

Skew 2.2399 2.1997 2.0359 2.0411 2.2399 2.1997 2.0359 2.0411

Kurt 6.6503 6.4741 5.7333 5.7644 6.6503 6.4741 5.7333 5.7644

RMSE (ppm) 0.0021 0.000756 0.000343 0.000174
MAE (ppm) 0.000905 0.000309 0.000144 0.0000771

ELFs t =5days t = 6 days t =7 days t = 8 days
statistics Numerical | Analytical | Numerical | Analytical | Numerical | Analytical | Numerical | Analytical
11 (ppm) 0.0129 0.0132 0.0061 0.0063 0.0129 0.0132 0.0061 0.0063
o (ppm) 0.0286 0.0288 0.0126 0.0129 0.0286 0.0288 0.0126 0.0129
o (ppm) 0.000821 0.000828 0.000158 0.000165 0.000821 0.000828 0.000158 0.000165

Skew 2.2364 2.1974 2.0333 2.039%4 2.2364 2.1974 2.0333 2.039%4

Kurt 6.6343 6.4633 5.7226 5.757 6.6343 6.4633 5.7226 5.757

RMSE (ppm) 0.0022 0.000783 0.000359 0.000182
MAE (ppm) 0.000976 0.000348 0.000158 0.0000824

leap-frog schemes (ICNs and ELFs), respectively,
using more than one spatial resolution (Ax = 3101,
3201, and 3301 m) at different simulation times
from the spill release time, (t= 5, 6, 7, and 8 days)
for each resolution. Keeping other parameters
constant, these resolutions were varied in which the
model is stable numerically depending on the
related stability condition, resulting in different
time increments (At). By setting the fact that as the
value of Ax increases, the value of At increases and
the execution time (te) decreases, the pollutant
plume concentrations transported by the model
along the river can be evaluated by comparing the
model predictions of both numerical schemes with
the instantaneous spill release analytical solution.
This evaluation confirms the robustness of the
model. As a result, the model simulation by both
ICNs and ELFs depicts the numerical model
stability for each spatial resolution in which the
model preserves similar numerical pollutant
concentrations  distribution compared to the
analytical solution, demonstrating that the model
produces similar predictions with similar numerical
behavior under different stability conditions.

Regarding the plume concentrations distribution,
the both solutions were compatible at all spatial
resolutions including the maximum concentration,
the leading and trailing sides of the plume, see
Table 2 and 3 for statistics summary of the plumes
resulted by implementing the ICNs and ELFs,
respectively. Very good agreement (very low
RMSEs and MAEs) was achieved by both schemes
compared to the analytical solution. For example,
using the ICNs (Ax = 3101 and t = 5 days), the
mean pollutant concentration was the same (C =
0.0128 ppm) for both solutions (numerical and
analytical). As for the ELFs at the same time, the
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numerical solution gave (C = 0.0131 ppm), while
the analytical solution was (C = 0.0132 ppm), and
so on for the rest as shown in Table 2 and 3. Thus,
the model was stable and gave similar values for
both scheme. This numerical behavior must be held
on for any numerical model to make sure that the
model performance is robust. Accordingly, as long
as the model obeys the numerical stability,
changing the spatial grid resolution gives almost
similar predictions. However, too large spatial
resolution is not preferable [7,39,44].

Nevertheless, the only difference between the ICNs
and ELFs is the total execution time (required to
run the model. Based on the results, always the
ICNs requires more computational time to run
compared to the ELFs for the same input
parameters.

3.4 Model Predictions Sensitivity To Change
The Temporal Resolution

The model predictions of plume concentrations
transported along the river were examined against
the temporal increment variation for both schemes
by selecting more than one value for the time step
(At = 20, 60, and 100 sec) and keeping the other
model inputs constant in which a spatial resolution
value of (Ax = 3001 m) was used for both schemes
so that the model is numerically stable for each At
above. Figure 8 and 9 show the model predictions
at different simulation times (t= 5, 6, 7, and 8 days)
for each time increments by using the ICNs and
ELFs, respectively. Hence, the numerical
predictions of all times matched the analytical
solution plume efficiently. Results showed that the
smaller the temporal resolution is, the higher
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Figure 5. Numerical solution of river hydrodynamics at different simulation times (t) along the river length
(Q=1500 m?¥/sec, cf=0.015, slope=0) by the ICNs (al and a2) and the ELFs (b1 and b2).
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Figure 6. Numerical model predictions at different simulation times (t) along the river length by using the ICNs
with different spatial resolutions (4x); (tics, teLrs, and ta are the simulation period associated with each solution).
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Figure 7. Numerical model predictions at different simulation times (t) along the river length by using the ELFs
with different spatial resolutions (Ax); (ticns, teLrs, and ta are the simulation period associated with each solution).

Table 2. Statistical summary using the ICNs with different spatial resolutions (Ax) for the plume pollutant
concentrations distribution during different simulation times (t).

Ax=3101 m t =5 days t = 6 days t =7 days t = 8 days
Numerical | Analytical | Numerical | Analytical | Numerical | Analytical | Numerical | Analytical
u (ppm) 0.0128 0.0128 0.0061 0.0061 0.0029 0.0029 0.0014 0.0014
o (ppm) 0.0285 0.028 0.0125 0.0125 0.0055 0.0056 0.0025 0.0026
o2 (ppm) 0.000812 0.000784 0.000156 0.000157 | 0.0000308 | 0.0000319 | 0.00000618 | 0.00000656
Skew 2.2455 2.1971 2.0407 2.0379 1.8786 1.9053 1.7451 1.7925
Kurt 6.6761 6.4622 5.7535 5.7503 5.0862 5.199 4.5788 4.7596
RMSE (ppm) 0.0019 0.000607 0.000264 0.000138
MAE (ppm) 0.000846 0.000279 0.000123 0.00000653
Ax=3201 m t =5 days t = 6 days t =7 days t = 8 days
Numerical | Analytical | Numerical | Analytical | Numerical | Analytical | Numerical | Analytical
u (ppm) 0.0134 0.0132 0.0064 0.0063 0.003 0.003 0.0014 0.0014
o (ppm) 0.0297 0.0288 0.013 0.0129 0.0058 0.0058 0.0026 0.0026
o2 (ppm) 0.000879 0.000829 0.000169 0.000165 | 0.0000335 | 0.0000336 | 0.00000673 | 0.00000694
Skew 2.2243 2.1988 2.0218 2.041 1.8619 1.9096 1.7302 1.7973
Kurt 6.5772 6.4699 5.6731 5.764 5.0211 5.2165 4.5248 4.7781
RMSE (ppm) 0.0022 0.000675 0.000271 0.000132
MAE (ppm) 0.000903 0.000295 0.000131 0.0000688
Ax=3301 m _t: 5 days _ t =6 days _ _t: 7 days _ _t =8 days _
Numerical | Analytical | Numerical | Analytical | Numerical | Analytical | Numerical | Analytical
u (ppm) 0.0136 0.0132 0.0064 0.0062 0.0031 0.003 0.0014 0.0014
o (ppm) 0.0301 0.0288 0.0132 0.0129 0.0059 0.0058 0.0026 0.0026
o (ppm) 0.000907 0.000829 0.000174 0.000165 | 0.0000344 | 0.0000336 | 0.00000693 | 0.00000692
Skew 2.2248 2.2058 2.0221 2.0478 1.8621 1.9162 1.7304 1.8038
Kurt 6.5794 6.5025 5.6743 5.7932 5.0219 5.243 4.5252 4.8024
RMSE (ppm) 0.0024 0.000746 0.000289 0.000133
MAE (ppm) 0.000913 0.000303 0.000135 0.0000694
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It was observed that the model
running time took (tec = 1.4054, 0.8224, and
0.6797 sec, respectively) by using the ICNs, and
(texc = 0.7984, 0.3980, and 0.2126 sec, respectively)
by using the ELFs. However, using a high time step

in a numerically stable model does not ensure
accurate results even though the stability condition
is valid [51]. Therefore, it is necessary to check the
model validity with different time increments
within the stability range before making a decision

Table 3. Statistical summary using the ELFs with different spatial resolutions (4x) for the plume pollutant

concentrations distribution during different simulation times (t).

Ax=3101 t =5 days t =6 days t=7days t = 8 days
X m Numerical | Analytical | Numerical | Analytical | Numerical | Analytical | Numerical | Analytical
u (ppm) 0.0131 0.0132 0.0062 0.0063 0.0029 0.003 0.0014 0.0014
o (ppm) 0.0291 0.0288 0.0128 0.0129 0.0057 0.0058 0.0025 0.0026
o? (ppm) 0.000848 0.000829 0.000163 0.000165 0.0000322 | 0.0000336 | 0.00000647 | 0.00000692
Skew 2.2313 2.1985 2.0283 2.0405 1.8681 1.909 1.7362 1.7967
Kurt 6.6099 6.4685 5.7009 5.7617 5.0455 5.214 4.5466 47757
RMSE (ppm) 0.0021 0.000708 0.000309 0.000157
MAE (ppm) 0.000936 0.000315 0.000144 0.00000757
Ax=3201 t =5 days t =6 days t=7days t = 8 days
X m Numerical | Analytical | Numerical | Analytical | Numerical | Analytical | Numerical | Analytical
1 (ppm) 0.0134 0.0132 0.0063 0.0063 0.003 0.003 0.0014 0.0014
o (ppm) 0.0296 0.0288 0.0129 0.0058 0.0058 0.0058 0.0026 0.0026
o? (ppm) 0.000874 0.000829 0.000168 0.000165 0.0000332 | 0.0000336 | 0.00000669 | 0.00000694
Skew 2.2228 2.1971 2.0203 2.0393 1.8605 1.908 1.7288 1.7957
Kurt 6.57 6.462 5.6668 5.7566 5.0154 5.2097 4.5196 47719
RMSE (ppm) 0.0022 0.00068 0.000279 0.000138
MAE (ppm) 0.000904 0.000134 0.000134 0.0000708
Ax=3301 m t =5 days t = 6 days t =7 days t = 8 days
Numerical | Analytical | Numerical | Analytical | Numerical | Analytical | Numerical | Analytical
1 (ppm) 0.0136 0.0132 0.0064 0.0062 0.003 0.003 0.0014 0.0014
o (ppm) 0.03 0.0288 0.0132 0.0129 0.0059 0.0058 0.0026 0.0026
o? (ppm) 0.000901 0.000829 0.000173 0.000165 0.0000342 | 0.0000336 | 0.00000689 | 0.00000692
Skew 2.2232 2.2041 2.0206 2.046 1.8607 1.9145 1.7289 1.8021
Kurt 6.572 6.4945 5.6679 5.7855 5.016 5.236 4.5199 4.796
RMSE (ppm) 0.0023 0.000737 0.000289 0.000135
MAE (ppm) 0.000911 0.000303 0.000136 0.0000704
At= 20 sec, Ax= 3001 m, texc= 1.4054 sec At= 20 sec, Ax=3001 m, texc= 0.7984 sec
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Figure 8. Numerical model predictions at different
simulation times (t) along the river length by the ICNs and
different temporal resolutions (4t); (ticns, teLrs, and ta are

the simulation period associated with each solution).
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Figure 9. Numerical model predictions at different
simulation times (t) along the river length by the ELFs and
different temporal resolutions (4t); (ticns, teLrs, and ta are

the simulation period associated with each solution).
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so that the plume concentrations conserve the
pollutant mass transported along the river spatially
and temporally. In addition, the plume
concentrations location related to the spill location
was conserved by the mode schemes along the river
over time. Running the model gave similar
locations for both schemes as shown in Figure 8
and 9. At t = 5 days, the plume situated at x =
69.023 m from the spill location. Likewise, the
location was (x = 84.028, 96.023, and 111.037 m)
at (t=6, 7, and 8 days, respectively).

Generally, by comparing the ICNs and ELFs, you
can conclude that the ELFs uses less computational
time since it skips one numerical time step and
eliminates the requirement to solve a linear
algebraic equations system at each time step. It is
also easy to implement in programming with low
efforts and statistical errors. However, the two
schemes are similar in that they both give almost
similar robust predictions for instantaneous spill
release in rivers.

4. Conclusions

In this research, a one-dimensional numerical
model was built to simulate the longitudinal
transport of instantaneous spills in rivers by solving
the shallow water equations based on two different
numerical schemes (Explicit Leap-Frog Scheme
and Implicit Crank-Nicolson Scheme) and the
advection-dispersion  equation  simultaneously.
Numerical comparison was performed to highlight
the effects of implementing both schemes on the
pollutant concentration distribution spatially and
temporally. Simulation findings of both schemes
showed very good numerical robustness based on
error statistics compared to the analytical solution,
in which almost similar model predictions of water
levels, flow velocities, and pollutant concentrations
were achieved by using both schemes. Due to the
Leap-Frog Scheme effects of skipping one time
level and eliminating the linear algebraic equations
system solution every numerical time step during
the simulation period, the Leap-Frog Scheme spent
less computational time cost compared to the
Crank-Nicolson Scheme. Hence, lower modeling
execution time and easier coding efforts are
required by using the Leap-Frog Scheme.
Furthermore, it is necessary to make sure that the
model is valid for any applied time step even
though this model is stable within its numerical
stability range. Therefore, as long as the model
obeys the numerical stability, changing the spatial
grid resolution and using different time increments
must give predictions with acceptable error
statistics for water quality decision-making

1563

purposes in which the pollutant concentrations
distribution along the river at any location and time
conserves the transport governing equations.
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