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Abstract:  
 

The recent progress in collider experiments provides us with valuable information 

to understand the properties of the quark-gluon plasma. In this study, we provide 

the analytical solution to the differential equation of the time evolution of the 

temperature in the early Universe in the MIT bag model for gluons only.   We 

discuss the equation of state of a QGP in a particular model, the possible signs for 

a plasma created in heavy-ion collisions and provide analytic solutions describing 

the time evolution of the energy density, temperature and pressure of this plasma 

in the early universe. 
  

 

1. Introduction 
 
The early Universe during the first 10 microsecond 

after the big bang was filled with soup of quarks and 

gluons, in other word Quark gluon plasma is a state 

of matter with the highest energy level in which the 

elementary particles that make up the hadrons of 

baryonic matter are free and are not affected by 

strong interactions between them under extremely 

high energy densities (with temperature higher than 

150 MeV) [1]. Quarks, the subatomic particles 

carrying a fractional electric charge and one of two 

basic components of matter in the theory of standard 

model of particle physics. Gluons, the massless 

particles that "carry" the force between quarks, they 

are the particles that quarks exchange as they 

interact, or, in the language of modern physics, they 

mediate the strong force between quarks, that 

compose baryonic matter [2]. The conception, of the 

state of the quark gluon plasma have been improved 

and evolved by experimentally and theoretically 

studies.  Experimentally by using colliders, through 

the relativistic heavy-ion collision experiments at 

Brook-haven National Laboratory in the United 

States of America and European Nuclear Council, 

Geneva in Switzerland. Theoretically, from the 

numerical simulation of finite temperature quantum 

chromo-dynamics on a lattice [3]. The new results 

obtained by som work about the nature of the QGP 

motivate them to achieve their logical results in the 

early Universe. This could be done through solving 

the Fried-mann equations, which allow them to 

determine the exact temporal development of 

thermodynamic quantities at the beginning of the 

universe. So we see that the study of quark matter is 

very important to understand the nature of universe 

which gave me an incentive to research in this field. 

The Quark Gluon Plasma was first proposed by 

Collins and Perry and others in the 1970s. Their 

arguments are based on the principle of asymptotic 

freedom in Quantum dynamics (QCD) is the widely 

accepted theory in the world that describing the 

strong interactions of quarks, gluons and nucleons 

[4]. It is the strongest comparison with other 

interactions and for example, the gravitational force 

is ~10−39, the weak interaction is ~1/137 and the 

strong interaction is ~1. It is known through studies 

in the field of cosmology, the Universe is 

homogeneous and isotropic. Such characteristics 

indicate that the Fried-mann Robertson-Walker 

metric will parameterize the space-time, which has 

been introduced into the Einstein equations to 

provide the Fried-mann equations. So, 

of these latter equations, the time evolution equatio

n can be derived in the following [5]. 

𝑑𝜀

3√𝜀(𝜀+𝐵)
= −√

8𝜋𝐺

3
𝑑𝑡                                                           (1) 
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It helps us to evaluate the temporal evolution of the 

density of energy 𝜀,  by we know just the pressure P, 

𝑃 ≡ 𝑃(𝜀). Throughout this study we analytically 

solved the above equation, using some previously 

inferred state equations and estimating the time 

evolution of certain thermodynamic quantities for 

gluon in the early universe, such as energy density 𝜀, 

temperature T and pressure P.  

2. Equation of State 

The equation of state (EOS), in thermodynamic, 

describes the relationship between the state 

functions of a thermodynamic system. It can 

describe the state of the system and the way it 

changes. Equations of state are used to identify the 

properties of gases, liquids and mixtures of liquids 

as well as the properties of solid matter. The system 

in thermodynamics (which is a department of 

physics and chemistry and a number of branches of 

engineering). A system of limited size (gas, liquid, 

solids, or a mixture there of). We conduct our 

observations on it, it is characterized by a balanced 

energy condition. This applies to a closed system, 

i.e. there is no heat or radiation exchange or material 

exchange between the system and the surrounding 

medium. This is in contrast to an "open system" and 

is in exchange with the surrounding medium, and 

between them there is an exchange of materials or 

heat [6]. In this study, the focus is on the equations 

of state (EOS) of the quark gluon plasma QGP and 

finding an analytical solution to a specific case in the 

case of the free gluons. Equations of state of the 

quark gluon plasma were extensively used in 

cosmology and astrophysics, where the first equation 

was derived in the MIT bag model [7]. We want to 

investigate how fluctuations in the EOS influence 

the time evolution of the gluons in the early universe. 

We believe this study is important in order to 

confirm numerical solution previously calculated by 

other researchers in order to be able to compare and 

think about other solutions for scientific research 

service.  

 

3. MIT Bag Model 

The MIT bag model is a very simple 

phenomenological model. It was developed by a 

physicist Chodos in 1974 at the Massachusetts 

Institute of Technology in Cambridge in the United 

States of America after a brief period wording of 

quantum chromo-dynamic and it became a main 

instrument for researchers in the field of hadron 

physics. Scientists evidenced that bag model results 

in to energy momentum conservation violation at the 

bag surface, unless the internal pressure inside the 

bag is balanced by an external pressure. This led to 

some modification to the model, by using quarks 

carrying colour, they managed to partially destroy 

the real vacuum inside the bag. Quarks are subjected 

by a fixed external pressure, to move only in a 

specific spatial area, one perception is that of flexible 

bag allows to the quarks to move freely inside it in 

case of quark confinement and so long as we don’t 

allow them to be isolated out. But if you try to take 

the quark out, the bag extends and resists. This 

combination of quarks and real vacuum made it 

possible to treat the physics of the interior of the bag 

by troubled quantum chromo-dynamics, this is 

called troubled vacuum inside the bag. This change 

in the model of the bag leads to a new boundary case. 

The necessity condition of pressure balance at the 

surface can be written as follows [8-9]. 

−
1

2
𝑛𝜇 ∂𝜇(∑𝑖 �̅�𝑖𝜓𝑖)|𝑆 = ℬ,                                                (2)  

where 𝐵 is the bag constant, 𝑖 runs over all quarks 

contained in the bag, 𝑛𝜇 is normal to the surface at 

given point, 𝜓 N component Dirac field and 

transformation of 𝜓 represents as follow  

𝜓(𝑥) → �̅�(𝑥) = 𝑈(𝑥)𝜓(𝑥) = 𝑒−𝑖𝜏.𝛼(𝑥)𝜓(𝑥),              (3) 

where 𝑈(𝑥) is the operator of the transformation, 𝜏 

generators and 𝛼(𝑥) is the parameters of the 

transformation. 

As we mentioned, inside the "bag", the quarks and 

gluons freely move and the deconfined phase (which 

describes a system of these particles that have 
relative freedom of movement),  can be created by 

compressing the bags against one another. And after 

that, the plasma constituents are free to move 

through large spatial areas at these high baryon 

numbers and energy densities.  A high temperature 

increases the existence of quark-anti-quark pairs. 

Even under these conditions, the bag constant still 

represents some non-perturbative element. Energy 

density and pressure are given respectively by 

𝜀 =
37𝜋2

30
𝑇4 + ℬ   and   𝑝 =

37𝜋2

90
𝑇4 − ℬ.    (4) 

Upon eliminating the temperature 𝑇 from the above 

equations we get 

𝑝(𝜀) =
1

3
(𝜀 − 4ℬ).                                                           (5) 

In this study, the focus was on solving the time 

evolution of temperature in the early universe in 

MIT bag model for case of gluon only. The equation 

of state of gluon are given [7,10] 
 

𝜀𝑔 =
8𝜋2

15
𝑇4 + 𝐵,                                             (6) 
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𝑝𝑔 =
8𝜋2

45
𝑇4 − 𝐵.                                                           (7) 

Where 𝜀𝑔 is the energy density of gluon, 𝑝𝑔 is the 

pressure of gluon, T is the temperature and is the 

bag constant. 

 

4. Analytical Solution for Temperature  

In this section, we derive the analytical solution of 

differential equation that represents the time 

evolution of temperature.  We start with the time 

evolution of energy density equation which is given 

as 
 

𝑑𝜀

3√𝜀(𝜀+𝐵)
= −√

8𝜋𝐺

3
𝑑𝑡                                                     (8) 

From the eqs[6,7] we obtained 

𝑑𝜀 =
4×8𝜋2𝑇3

15
𝑑𝑇  ,   (𝜀 + 𝐵) = 

32𝜋2

45
𝑇4                                                      

(9) 

By substitute Eq. 9 in Eq. 8 and integration of both 

sides we get  

∫
𝑇

𝑇0

1

𝑇√8𝜋2

15
𝑇4+𝐵

𝑑𝑇 = − ∫
𝑡

𝑡0
√

8𝜋𝐺

3
𝑑𝑡                              (10) 

Let 𝑥 = 𝑇2 ⇒ 𝑑𝑥 = 2𝑇𝑑𝑇, 𝑑𝑇 =
𝑑𝑥

2√𝑥
. By substitute 

in above Eq. we get  

1

2
∫

√𝑥

√𝑥0

1

𝑥√8𝜋2

15
𝑥2+𝐵

𝑑𝑥 = − ∫
𝑡

𝑡0
√

8𝜋𝐺

3
𝑑𝑡                              

√15

4√2𝜋
∫

√𝑥

√𝑥0

1

𝑥√𝑥2+
15𝐵

8𝜋2

𝑑𝑥 = − ∫
𝑡

𝑡0
√

8𝜋𝐺

3
𝑑𝑡                                                

√15

4√2𝜋
∫

√𝑥

√𝑥0

1

𝑥√𝑥2+𝛼2
𝑑𝑥 = − ∫

𝑡

𝑡0
√

8𝜋𝐺

3
𝑑𝑡,                          

where  𝛼2 =
15𝐵

8𝜋2  

−
√15

4𝛼√2𝜋
[ln|

𝛼+√𝑥2+𝛼2

𝑥
|]

√𝑥0

√𝑥

= − [√
8𝜋𝐺

3
𝑡]

𝑡0

𝑡

                 

ln
𝑇0

2[𝛼+√𝑇4+𝛼2]

𝑇2[𝛼+√𝑇0
4+𝛼2]

=
𝐾

𝑎
(𝑡 − 𝑡0); 𝑎 =

√15

4𝛼√2𝜋
, 𝑘 = √

8𝜋𝐺

3
   

𝑇0
2[𝛼+√𝑇4+𝛼2]

𝑇2[𝛼+√𝑇0
4+𝛼2]

= 𝑒
𝐾

𝑎
(𝑡−𝑡0)                                                   

𝑇2[𝛼+√𝑇0
4+𝛼2]

𝑇0
2[𝛼+√𝑇4+𝛼2]

= 𝑒−
𝐾

𝑎
(𝑡−𝑡0)                                                 

𝑇2

[𝛼+√𝑇4+𝛼2]
= 𝐶; 𝐶 =

𝑇0
2

[𝛼+√𝑇0
4+𝛼2]

𝑒−
𝐾

𝑎
(𝑡−𝑡0)                   (11) 

𝑇2 =
2𝛼𝐶

1−𝐶2                                                                           (12) 

𝑇 = √
2𝛼𝐶

1−𝐶2                                                                          (13) 

Below we show the graphic representation of the 

time evolution of temperature for gluon state only in 

this model 

 

Figure 1. Time evolution of temperature.   

In this solution we used the initial condition [11], it 

was converted to natural units, Giga-electron volts as 

follow 

𝜀𝑖(𝑡𝑖) = 107  𝑀𝑒𝑉 / 𝑓𝑚 3 = 7.674 × 10(𝐺𝑒𝑣)4  𝑎𝑡  𝑡𝑖  

= 10−9  𝑠 = 1.52 × 1015(𝐺𝑒𝑣)−1                  (14) 

In graphical representation. The evolution from the 

time of the electroweak transition phase 𝑡𝑖 = 1.52 ×
1015(𝐺𝑒𝑣)−1, to the time of the quantum 

chromodynamics phase transition, 𝑡𝑓 = 1.52 ×

1020(𝐺𝑒𝑣)−1. For the current study, we are mainly 

interested in obtaining analytic equations that 

describe the time evolution of the temperature, 

energy density and pressure for the plasma in the 

early universe during the time period discussed 

above. In figure 1 we display the time evolution of 

the temperature resulting by solving Eq. 1 with the 

MIT bag model equation of state of a gluon gas after 

converting it in terms of temperature and time. By 

looking at the figure, one can notice that the 

temperature was very high and then began to drop 

dramatically during this period. From the above 

equation of temperature we can find the energy 

density and pressure to same state respectively 

𝜀𝑔 =
8𝜋2

15
(

2𝛼𝐶

1−𝐶2)2 + 𝐵                                                        (15) 

𝑝𝑔 =
8𝜋2

45
(

2𝛼𝐶

1−𝐶2)2 − 𝐵                                                       (16) 
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Figure 2. Time evolution of energy density. 

 
 

Figure 3. Time evolution of pressure. 

In figures 2 and figure 3 we displayed time evolution 

of energy density and time evolution of pressure 

respectively.  

 

5. Conclusions 
 

As mentioned earlier in this work, in view of the 

experimental and theoretical studies that relevant to 

cosmology, show that the Universe was filled with 

dense plasma. This plasma consisted of deconfined 

quarks and gluons. This case of plasma is called as 

Quark-Gluon plasma. So, understanding this state 

allows us to learn more about the early universe. 

During the era of Quark-Gluon Plasma, the area of 

the relevant parameter consists of the total energy 

density, pressure, and temperature. Owing to the 

experimental data of heavy ion collisions, modern 

astrophysical measurements and also the 

developments in lattice QCD calculations, our 

understanding of the equation of state of the quark 

gluon plasma has been growing rapidly. These 

advanced results have helped us to understand of the 

time evolution of thermodynamic parameters at the 

beginning of the universe. We took the equations of 

state for the gluon that binds energy density and 

pressure to its temperature in the MIT bag model and 

solved Fried-man’s differential equations that 

govern the time evolution of energy density, 

temperature, and pressure. We have showed that 

changes in the equations of state of gluon can lead to 

changes in the time evolution of these 

thermodynamic parameters in the early Universe in 

MIT bag model. Finally, we confirm that there are 

still some other components of the quark gluon 

plasma phase and other analytical solution for 

various models. 
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