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In this research paper, we define some new notions of generalized F-contraction of type
(L) and type (J) in G-metric spaces. By using these notions we define some fixed point
theorems. We also provided an example to justify our results.

1. Introduction

A metric space is a nonempty set [J with a map [
of two variables that enables us to determine the
distance between two points. We must compute
more than merely the distance between two
locations in higher mathematics. In advanced
mathematics, we have to distinguish not only
between integers and vectors, but also between
sequences and functions. Finding a good idea of a
metric space may be done in a number of ways in
this discipline. Different generalizations of a metric
space have been examined by numerous eminent
mathematicians. The concept of G-metric space was
introduced by Sims and Mustafa (2006), who also
offered the following important extension of a
metric space.

Definition 1.1.[3] Let P be a avoid set and that

G:P3 - R is a map that possesses the following
characteristics:

@ Gp,qr)=0ifp=q=r;

(i) 0 <G (p,p,q) whenever p # q;
(i) Gp,p,g) < G(p,q1)q #1;

(iv) G (p,q,m) =G (p,1,q) =G (q,p,7) =G (,p,q)
=G (q,7,p)=G(,qp);

(v) G (p,qr) <G (p,s,s)+G(s,q,71),
vV pqr,s €P.

The function G is thus referred to as a G-metric on
P. G-metric space is defined as the pair (P, G).

The Banach contraction principle is a helpful
finding in fixed point theory pertaining to a
contraction mapping that Banach established in
1922.

Definition 1.2. [1] LetT: P — P be a self-mapping
and let (P,b) be a complete metric space. For all
p,qeP with p = q, let b(Tp,Tq) < b (p,q).
After then, [ is referred to as a Banach contraction.
In 2012, Wardowski [6] developed the fixed point
theory for F-contractions and presented a new
contraction, the F-contraction. In this sense,
Wardowski's  conclusion about the Banach
contraction principle differs from the notable results


http://dergipark.org.tr/en/pub/ijcesen
http://www.ijcesen.com
mailto:vino2d@gmail.com
mailto:harshhartwal6666@gmail.com

Vinod Bhatia, Harsh Kumar/ IJCESEN 11-3(2025)6934-6939

of the literature. Furthermore, Piri and Kumam
derived fixed point theorems of the Wardowski type
in entire metric spaces [5]. Four new words were
recently created by Piri and Kumam [5] in response
to Dung and Hang's [2] observation: Wardowski [6]
characterized the F-contraction as follows:

Definition 1.3. [6] Let (P, b ) be a metric space and
letT: P — P be aself mapping. Then, T is called
an F-contraction on (P, b), if 3 F € 7 such that

b(Tp,Tq) >0= B+ F (b(Tp,Tq)) <
F (b (Tp,Tq))

forall p,q € P, where t is class of all mappings
F : (0,00) = R such that
(F1) F isstrictly increasing function, that is,
V ¢,d € (0,), if c < d, then F(c) < F(d).
(F2) For every sequence {c,} of natural numbers,
¢, =0if andonlyif F (c,) = —0.
(F3) There exists € (0,1) such that c¢)) = 0.
Wardowski [6] gave some examples of t as follows:

1. F(p) =In ¢.

2. F(p) = -

(p2
3. F(p) =In (p) + .
4. F(p) = In(¢* + ).

Definition 1.5. [7] Let (P, b) be a metric space and
7:P — P be a function. 7 is known as F-weak
contraction on (P, b), if there exists F € tand 8 >
0 such that V p,q € P, b (7x,7y) > 0 implies
that

B+F B (Tp,7q9)) <
F (max {b(p. ), b(Tp, p), b(q,79), W})
Definition 1.6. [7] Let (P, b) be a complete metric
space and 7: P — P be an F-weak contraction. If F
or 7 is continuous, then 7 has a unique fixed point
p* € P and the sequence {7"p} converges to p* for
every p € P, where n varies from 1 to co.
Dung and Hang [2] investigated the concept of
generalized F-contraction and proved useful fixed
point results for such kinds of functions.

Definition 1.7. [2] Let (P, b ) be a metric space and
T: P — P be a self mapping. Then, T is called a
generalized F-contraction on (P, b), if there exist
F et and 6 > 0 such that Vp,q EP,
b (Tp,Tq) > 0 implies that

§ +F (b(Tp,Tq))
< F (max{b(p,q), b(p,Tp), b (q,Tq),

b(p,Tq) + b(q,Tp) b(T?p,p) + b(T?p,Tq)
2 ’ 2 '
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b(T?p, Tp), b(T?p, @), b(T?*p, Tq)}).
Subsequently, Piri and Kumam [4] replace the
condition (F3) with (F3”) in the definition of F-
contraction given by Wardowski [6].

(F3’): F is continuous on (0, o).

They gave the notation J to denote the class of all
maps F:R, - R which fulfill the conditions
(F1),(F2)and (F3"). Piri and Kumam also proved
some useful fixed point results for metric spaces.
Now, the conditions (F3)and (F3’) are not
associated with each other. For example, s > 1,

F(a) = —1 | then F meet the condition (F1) and
aS

( F2) but it does not fulfil (F3), while it fulfils the
condition (F3"). In view of this, it is significant to
observe the sequel of Wardowski [6] with the
functions F € t rather than F € 7.

The goal of our paper is to propose new notions of
generalized F-contraction of type (L) and type (J) in
G-metric space and prove fixed point theorems for
such functions.

2. Main Results

Throughout the paper, we use the following
notations.

L¢ isthe class of all functions F : (0,) — R such
that

(L1) F is strictly increasing, that means p < gq
implies that Fp < Fq, where p,q are positive
reals.

(L2) limy0ocp = 0iff lim,_F (c,) = —oo, for
every sequence {c,} of positive numbers .

(L3) F is continuous on (0, ).

Je isclass of all maps F : (0,) = R such that
(J1) F is strictly increasing, that means p < q
impliesthat Fp < Fq, where p, q are positive reals.
(J2) limy, ¢, = 0 if and only if lim,, o F(c,) =
—oo, for every sequence {c,} of positive numbers
(J3) There exists m €(0,1) such that
lim,_,y+c™F(c) = 0.

Definition 2.1. Let (P, G ) be a G-metric space and
T:P— P be a mapping. Then, T is known as
generalized F-contraction of type (L), if 3 F € Lg
and A > Osuchthat G (Tp,Tq,Tr) > 0, then

A+ F(G(Tp,Tq, Tr)) <F (Sr(p,q, 1), (2.1)

where,

ST (p! q! T)
={G (p,q,m),G (p,Tp,Tp),G (q,Tq,Tq),G (r,Tr,Tr)}.

Definition 2.2. Let (P, G ) be a G-metric space and
T: P — P be a mapping. Then, T is known as
generalized F-contraction of type (J), if 3 F € J;
and A > 0suchthatG (Tp,Tq,Tr) > 0, then
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A +F(G(Tp,Tq,Tr)) < F (Sr(p,q, 1)),

Where,
ST (p' q: T')

A + F(G(pn! Pn+1 pn+1)) < F(G(pn! Pn+1, pn+1))

A contradiction, because A > 0.
Therefore,

={G (a6 @ Tp,Tp),G (¢, Tq,Tq), G (r,Tr, Tr)}. {G (Pn-1, D0 Pn), G P Prsrs Prs)}

Example 2.3. Let P = [0, 3].
We define G on

PbyG(qnr)=Ip —ql+lg —7r|+|r —pl

LetT : P —» P bedefinedas Tp = 2,whenp €
[0,3) and Tp =3 ifp =5.
Now, (P, G ) is complete metric space. By choosing

Fp =Inpand 1 =In g,

we get that T is generalized F-contraction of type
(L) and type (J).

Theorem 2.4. Let (P,G ) be a complete G-metric
space and T: P - P be a generalized F-
contraction of type (L). Then, T has a unique fixed
point u € P and the sequence {T™(py)}, where
n € N, converges to u for each u € p.

Proof: Let p, € P and {p,,} be the Picard sequence,
i.e. p, = Tpp_1, Where n € N. If 3n € N such
that p,41 = pn, then, Tp,, = p,. So, p, is fixed
point of T. Let us suppose that p,, # pp4+1 V 1 €
N. Then, G(Pn+1,PnPn) >0V n €N. From
equation (2.1), we have

G(TPn-1,TPn. TPn) >0,

Which implies that,

A+ F(G(Tpn1,TPn, TPy))
< F ({G(pn—lﬁ pn' pn)' G(pn—lﬁ Tpn—l' Tpn—l)l} )
- G (Pn, TPn, TDR), G(©n, TPy, TP,)

=F ( G (pn—l' Pn, pn)' G (pn—l' P pn): G (pn: Pn+1 pn+1):} )

G (pn' Pn+1, pn+1)
=F{G Pn-1,PnPn), G (P, Pns1s pn+1)} ).

Therefore,

A+ F (G (Pn-1,Pn Pn)
< F ({G (Pn-1,Pn0n)» GO, Pns1, Prs)}) (2.2)

If there existsn € N such that

{G Pn-1,0n,0n), G (On) Pns1, Prs1)}
=G (pnr Pn+1, pn+1)

From equation (2.2), we get,

=G (pn—lﬂpnﬂpn) VneNn.

From (2.2), we obtain,

A+ F(G(TPn-1,TPn, TPn)) < F (G (Pn1,PnPn))s
which implies that

F(G(TPn-1,TPn, TP)) < F (GWn-1,Pn,Pn)) = A
Therefore,

F(G(pn' Pn+1 pn+1)) < F(G(pn—l' pn'pn)) -
1 (2.3)

Since, A > 0. Thus,

F(G(Pn, Pns1:Pns1)) < F(GC(Pn-1,Pn,Pn))

Using the condition of (L1), F is strictly increasing.
Therefore,

G (Pns Pnt1,Pns1) < GOn—1,0n, D)V 1 EN.

S0, {G (Pn+1,Pn, Pn)} IS @ NON negative decreasing
sequence of real numbers, where n € N. Thus, we
conclude that lim,_ G (Pps1, ProPn) =@ = 0.
Now we claim that @ = 0. Now let us suppose that
a > 0. Also, {G (pn+1,Pn, Pn)} IS @ NON negative
decreasing sequence of real numbers, wheren € N.
Therefore,

a < G(pn+1' Pn, pn)-

Again, by using the assumption (L1), F is strictly
increasing. Therefore,

Fa < M(G(pn+1: Pns pn))'
Using equation (2.3), we obtain
F((Z) < F(G(pn—lr Pns pn)) - )'

<G (Pn—z' Pn-1, pn—l) -2
<G (pn—3' Pn-2, Pn—z) -3

< G (po, p1,P1) — A

Therefore,
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F(a) < F(G (po,pl,pl)) —nivne
N. (2.4)

Also, F(a) is a real number and
limn_m[F (G (pg,pl,pl)) — nl] = —oo,
Therefore,
ImE€EN

such that

[F ( G (po'pl'pﬂ) - 71/1] <Fa Vn>
m. (2.5)
Combining (2.4) and (2.5), we get
F(a) < [F(G (po'p1'p1)) —Tll] <Fa Vvn>m.

This contradiction establishes that « = 0. Now, we
have

G (P TPn TPw) = (G (Pr Prs1 Pns1)) = 0.
Further, we claim that {p,}n=: is a Cauchy
sequence. Arguing by contradiction, let us suppose

that there exist &§>0 and sequences
{Pn}n=1,{c (n)}y=1 such that for eachn € N,

c(m) >dm) >n, G(Petmy Pagy Pag)) =
5' G((pc(n)—lﬂpd(n)'pd(n))) < 6. (2-6)

Therefore,
8 < G(Peny Pany Paemy)

< G (Pe(ny Pey-1 Pey-1) + G (Peery-1: Pany Pam))

< G (Petny Peny—1 Pey-1) + €

= G (Pe-1 TPey—1 TPey-1)-
Since &« = 0, we obtain

G (P, TPn, Tpy) = 0. (2.7)

So, the inequality becomes,

G (Peny Pamy Pagny) = 6. (2.8)

From (2.7) there exists z € N such that

G (pc(n)' Tpc(n)' Tpc(n)) <
S5 )
" and G(pd(n)erd(n)erd(n)) < " Vn =z (29)
Now, we claim that

G(TPeny TPamy TPamy) =
G(Petny+1 Pamy+1 Pamy+1) > 0V n = z.(2.10)

Again by contradiction, let us suppose that there
exists s > N, such that

G (Peesy+1 TPacsy+1 TPacsy+1) = 0. (2.11)

Combining (2.6), (2.9), (2.11), we get
8 < G(pe(sy Pacsy Pacs))

< G (Pe(s) Pesy+1 Pesy+) + G (Pecs)+1, Pacsy Pacs))
<G (pc(s)' pc(s)+1' pc(s)+1)
+ G (Pe(s)+1: Pacs)+1 Pacs)+1)
+ G (Pacs)+1 Pacs) Pacs))

= (Pesy TPe(sy TPe(s)) + G (Pe(s)+1- Pacs)+1, Pacs)+1)
+ G (Pacs), TPacs) TPacs))
<2io4l-
4 4 2

which is a contradiction and hence our supposition
IS wrong.
Thus, we get

G(TPemy TPamy TPaw))
= G(Peny+1 Pagmy+1, Pamy+1)
>0Vn >z

From (2.10) and assumption of the theorem, we
obtain

A+F (G(Tpc(n):Tpd(n):Tpd(n))) <
F (G(Peny Patmy TPagy)) >0Vn = N. (2.12)

From (2.3), (2.8) and (2.12), we get
A+ M) < M),

which is a contradiction. Hence, {P,}n=; is a
Cauchy sequence. By completeness property of
(P,G) {pn}n=q1 CONvergesto a point u in P.
Therefore,

G (pp,w,w) =0. (2.13)

Finally, we show that Tw = w. Two cases arise,

(i) vn €N Ik, €N, ky > kyy kg =1andpy,,,
=Tw.

(ii)Amy € N,Vn =m3,G (Tp,, Tw,Tw) > 0.
In the first case

w = limp . = 1llimTW =Tw.

n-oo —00
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In the second case, using the assumption of the
Theorem 2.4, we get
A4 F(G(Pps1r, Tw, TW)) = A+ F(G(pp, Tw,Tw))

<F ({G (P, TW, TW), G (py, Tw, Tw), G (W, Tw, TW),} )

G (w, Tw,Tw)
For each n = m;.

From (L3), (2.13) and taking limit when n — oo, the
above inequality becomes A+
M(G(w,Tw,Tw)) < M(G(w, Tw, Tw)), which is
a contradiction. So, our supposition is wrong.
Therefore, Tw = w. Next, we show that T has at
most one fixed point. On the contrary, we suppose
that w and x are two fixed points of T, such that
Tw =w #x =Tx. Now, G(Tw,Tx,Tx) =
Gw,x,x) >0.

From (2.1), we get

F(Gw,xx)< A +F(GWwxx))
= 1 +F(G(Tw,Tx,Tx))
<

By using identical steps used in proof of Theorem
2.4, we can prove that u is unique fixed point of T.

Example 2.6. Let P = [0,2). We define G on P by

Gmaqr)=Ip —ql+lg —r|+|r —pl

Let T: P — P be defined as Tp = 4, when p €
[02) and Tp =5 if p =2. Now (P,G) is
complete metric space. Since, T is not continuous.

Therefore, T is not F-Contraction. For p € [0,2)
andgqg =2,

11
G(Tp, T2, T2 =G(4,—,—)
(Tp ) 17

- =303+ o
B 4] "4 4l 4
_15>0
)

Further,

F {G (w,Tw,Tx), G (w, Tv;, Tw),G (x,Tx,Tx),G (x,Tx,Tx)})

(2.14)
=F ({G (w,x,x),G (wW,w,w),G (x,x,%),G (x,x,x)})
=F (w,x,x).

It is a contraction. Therefore, G(w, x,x) = 0, that
means w = x. This establishes that the fixed point
of T is unique.

Theorem 2.5. Let (P,G ) be a complete G-metric
space and T : P — P be a continuous generalized
F-contraction of type (J). Then, T has a unique fixed
point u € P and the sequence T"(p,), Where n €
N converges to u, foreach u € P.

Proof: By using identical procedure which is used
in Theorem 2.4, we get

M(G (P Prs1s Prs)) = M(G (Tpp_1, TPy, TP))
<=M (G (pn—l' Pns pn)) -2
< M (G (Pn=1, D0, Pn))-
Therefore,
G (P TP TPn) = G (Pny Prt1, Prs1) = 0.

As in proof of Theorem 2.4, we can prove that {p,}
is a Cauchy sequence. Also, (P,G) is complete
metric space. Therefore, {p,} converges to some

point u € P. Since, T is continuous. Therefore,

G (W: Tw, TW) =G (pn' Tpy,, Tpn) =
G(Pn) Pns1,Pns1) = 0. (2-15)
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{G (,q,7),G (p,Tp,Tp),G (q,Tq,Tq),G (r,Tr,Tr)}
=G (p,Tp,Tp)+,G (q,Tq,Tq)

G(244)+G(2 1 1)—4+14— 15>0
Y ;414 - 4 - 2
Therefore,
. G(Tp, f2,f2)
< Z{G (®»,q,7),G(p,Tp,Tp),G(q,Tq,Tq),G(r,Tr,Tr)}.

Now, by choosing Fp =Inp and A = In%, we
obtain that T is generalized F-contraction of type (L)
and type (J). Let (P,b) and T be defined as in the
above example. Since, T is not an F-weak
contraction, because T is not continuous. So,
Theorem 1.6 is not implemented to f on (X,d).
Also, T is a generalized F-contraction of type (L)
and type (J) and (P, b ) is complete, hence Theorem
2.4 and 2.5 are implemented to T on (P, b ).

Theorem 2.7. Let (P,G ) be a complete G-metric
spaceand T : P — P be a map such that

G(Tp,Tq,Tq) <1G(p,q,q) + mG(p,Tp,Tp) +
nG(q,Tq,Tq),Vx,y € X,where ,m,n >0

withs +t +u < 1. Then

(i) T hasaunique fixed point u € P.

(i) For each
{0}, then T™ p = w.

p EP,if T"p =T"pVn eNU



Vinod Bhatia, Harsh Kumar/ IJCESEN 11-3(2025)6934-6939

Proof: ItisgiventhatVvp,q € P,

G(Tp,Tq,Tr) <sG (p,q,q) +tG (p,Tp,Tp)
+uG (q,Tq,Tq).

<(s+t
+ wmax{G (p,q,7),G (p,Tp,Tp),G (q,Tq,Tq),G (r,Tr,Tr)}
<k{G (p,q,7),G (p,Tp,Tp),G (q,Tq,TQ), G (r,Tr,Tr)},

where k =s +t +t €[0,1)

If G(Yp,Tq,Tq) > 0, we get

1
In % + In(G (Tp,Tq,Tq)

By taking F = In(l) and 1 = In% in Theorem

2.4 and 2.5, we get the result.
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