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Abstract:  
 

In this research paper, we define some new notions of generalized F-contraction of type 

(L) and type (J) in G-metric spaces. By using these notions we define some fixed point 

theorems. We also provided an example to justify our results. 

 

1. Introduction 
 

A metric space is a nonempty set 𝑃 with a map 𝑃 

of two variables that enables us to determine the 

distance between two points. We must compute 

more than merely the distance between two 

locations in higher mathematics. In advanced 

mathematics, we have to distinguish not only 

between integers and vectors, but also between 

sequences and functions. Finding a good idea of a 

metric space may be done in a number of ways in 

this discipline. Different generalizations of a metric 

space have been examined by numerous eminent 

mathematicians. The concept of G-metric space was 

introduced by Sims and Mustafa (2006), who also 

offered the following important extension of a 

metric space. 

 

Definition 1.1.[3] Let P be a avoid set and that 

𝐺: 𝑃 3 →  𝑅  is a map that possesses the following 

characteristics: 

 
(𝑖)   𝐺(𝑝, 𝑞, 𝑟) = 0 𝑖𝑓 𝑝 = 𝑞 = 𝑟; 

 

(𝑖𝑖)   0 < 𝐺 (𝑝, 𝑝, 𝑞) 𝑤ℎ𝑒𝑛𝑒𝑣𝑒𝑟 𝑝 ≠ 𝑞; 
(𝑖𝑖𝑖)  𝐺(𝑝, 𝑝, 𝑞)  ≤  𝐺 (𝑝, 𝑞, 𝑟), 𝑞 ≠ 𝑟; 

 

(𝑖𝑣) 𝐺 (𝑝, 𝑞, 𝑟) = 𝐺 (𝑝, 𝑟, 𝑞) = 𝐺 (𝑞, 𝑝, 𝑟) = 𝐺 (𝑟, 𝑝, 𝑞)
= 𝐺 (𝑞, 𝑟, 𝑝) = 𝐺 (𝑟, 𝑞, 𝑝); 

 

(𝑣)  𝐺 (𝑝, 𝑞, 𝑟)  ≤ 𝐺 (𝑝, 𝑠, 𝑠) + 𝐺 (𝑠, 𝑞, 𝑟),
∀  𝑝, 𝑞, 𝑟, 𝑠 ∈ 𝑃. 

 

The function G is thus referred to as a G-metric on 

P. G-metric space is defined as the pair (𝑃, 𝐺).  
The Banach contraction principle is a helpful 

finding in fixed point theory pertaining to a 

contraction mapping that Banach established in 

1922. 

 

Definition 1.2. [1] Let 𝑇: 𝑃 →  𝑃 be a self-mapping 

and let (𝑃, 𝑏) be a complete metric space. For all 

𝑝, 𝑞 𝜖 𝑃 with 𝑝 =  𝑞, let 𝑏 (𝑇𝑝, 𝑇𝑞)  <  𝑏 (𝑝, 𝑞). 

After then, 𝑃 is referred to as a Banach contraction. 

In 2012, Wardowski [6] developed the fixed point 

theory for F-contractions and presented a new 

contraction, the F-contraction. In this sense, 

Wardowski's conclusion about the Banach 

contraction principle differs from the notable results 
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of the literature. Furthermore, Piri and Kumam 

derived fixed point theorems of the Wardowski type 

in entire metric spaces [5]. Four new words were 

recently created by Piri and Kumam [5] in response 

to Dung and Hang's [2] observation: Wardowski [6] 

characterized the F-contraction as follows: 

 

Definition 1.3. [6] Let (𝑃, 𝑏 ) be a metric space and 

let 𝑇 ∶  𝑃 → 𝑃 be a self mapping. Then, 𝑇 is called 

an F-contraction on (𝑃, 𝑏),  if  ∃  𝐹 ∈ 𝜏  such that 

 
𝑏 (𝑇𝑝, 𝑇𝑞) > 0 ⟹ 𝛽 + 𝐹 (𝑏 (𝑇𝑝, 𝑇𝑞))  ≤

 𝐹 (𝑏 (𝑇𝑝, 𝑇𝑞))   
 

for all 𝑝, 𝑞 ∈ 𝑃, where 𝜏 is class of all mappings 

𝐹 ∶  (0, ∞) → 𝑅 such that 

(F1)  𝐹 is strictly increasing function, that is, 

∀  𝑐, 𝑑 ∈ (0, ∞), 𝑖𝑓 𝑐 <  𝑑,  then  𝐹(𝑐)  <  𝐹(𝑑). 
(F2) For every sequence {𝑐𝑛}  of natural numbers, 

𝑐𝑛  = 0 if  and only if  𝐹 (𝑐𝑛) = −∞ . 
(F3)  There exist 𝑠 ∈ (0,1) such that  𝑐))  = 0. 
Wardowski [6] gave some examples of 𝜏 as follows:  

 
1. 𝐹(𝜑) = 𝐼𝑛 𝜑. 

2. 𝐹(𝜑) = −
1

𝜑
1
2

. 

3. 𝐹(𝜑) = 𝐼𝑛 (𝜑) + 𝜑. 
4. 𝐹(𝜑) = 𝐼𝑛(𝜑2 + 𝜑). 

 

Definition 1.5. [7] Let (𝑃, 𝑏) be a metric space and 

ℸ: 𝑃 → 𝑃 be a function. ℸ is known as F-weak 

contraction on (𝑃, 𝑏), if there exists 𝐹 ∈ 𝜏 and 𝛽 >
0 such that  ∀  𝑝, 𝑞 ∈ 𝑃,  𝑏 (ℸ𝑥, ℸ𝑦) > 0 implies 

that 

 
𝛽 + 𝐹 (𝑏 ( ℸ𝑝, ℸ𝑞 ) )   ≤  

𝐹 (𝑚𝑎𝑥 {𝑏(𝑝, 𝑞), 𝑏(ℸ𝑝, 𝑝), 𝑏(𝑞, ℸ𝑞),
𝑏(𝑝,ℸ𝑞)+𝑏(𝑞,ℸ𝑝)

2
}) 

 

Definition 1.6. [7] Let (𝑃, 𝑏) be a complete metric 

space and ℸ: 𝑃 → 𝑃 be an F-weak contraction. If 𝐹 

or ℸ is continuous, then ℸ has a unique fixed point 

𝑝∗ ∈ 𝑃 and the sequence {ℸ𝑛𝑝} converges to 𝑝∗ for 

every  𝑝 ∈ 𝑃, where n varies from 1 𝑡𝑜 ∞.  
Dung and Hang [2] investigated the concept of 

generalized F-contraction and proved useful fixed  

point results for such kinds of functions.  

 

Definition 1.7. [2] Let (𝑃, 𝑏 ) be a metric space and 

𝑇 ∶  𝑃 → 𝑃  be a self mapping. Then, T is called a 

generalized F-contraction on (𝑃, 𝑏 ), if there exist 

𝐹 ∈ 𝜏 and 𝛿  >  0 such that  ∀ 𝑝 , 𝑞 ∈ 𝑃,   
 𝑏 (𝑇𝑝, 𝑇𝑞 )  >  0  implies that   

 𝛿 + 𝐹 (𝑏(𝑇𝑝, 𝑇𝑞))

≤ 𝐹 (𝑚𝑎𝑥{𝑏(𝑝, 𝑞), 𝑏(𝑝, 𝑇𝑝), 𝑏 (𝑞, 𝑇𝑞), 
 

𝑏(𝑝, 𝑇𝑞) + 𝑏(𝑞, 𝑇𝑝)

2
,
𝑏(𝑇2𝑝, 𝑝) + 𝑏(𝑇2𝑝, 𝑇𝑞)

2
, 

𝑏(𝑇2𝑝, 𝑇𝑝), 𝑏(𝑇2𝑝, 𝑞), 𝑏(𝑇2𝑝, 𝑇𝑞)}). 

 Subsequently, Piri and Kumam [4] replace the 

condition (F3) with (F3’) in the definition of F-

contraction given by Wardowski [6].  
(𝐹3’): 𝐹 is continuous on (0, ∞). 

They gave the notation 𝐽 to denote the class of all 

maps 𝐹: 𝑅+ → 𝑅 which fulfill the conditions 

(𝐹1), (𝐹2) and (𝐹3’). Piri and Kumam also proved 

some useful fixed point results for metric spaces. 

Now, the conditions (𝐹3) and  (𝐹3’) are not 

associated with each other. For example, 𝑠 ≥ 1,

𝐹(𝛼) =
−1

𝛼𝑠  , then F meet the condition (𝐹1) and 

( 𝐹2)  but it does not fulfil (𝐹3), while it fulfils the 

condition (𝐹3’). In view of this, it is significant to 

observe the sequel of Wardowski [6] with the 

functions 𝐹 ∈ 𝜏 rather than F ∈ ℸ. 

The goal of our paper is to propose new notions of 

generalized F-contraction of type (L) and type (J) in 

G-metric space and prove fixed point theorems for 

such functions. 

 

2. Main Results 
 

Throughout the paper, we use the following 

notations. 
𝐿𝐺  is the class of all functions 𝐹 ∶  (0, ∞) → 𝑅  such 

that  

(L1) F is strictly increasing, that means 𝑝 <  𝑞 

implies that 𝐹𝑝 <  𝐹𝑞,  where 𝑝, 𝑞 are positive 

reals. 

(L2) 𝑙𝑖𝑚𝑛→∞𝑐𝑛 = 0 iff  𝑙𝑖𝑚𝑛→∞𝐹 (𝑐𝑛) = −∞, for 

every sequence {𝑐𝑛} of positive numbers . 

(L3) 𝐹 is continuous on (0, ∞).  

𝐽𝐺  is class of all maps 𝐹 ∶  (0, ∞) → 𝑅  such that  

(J1)  F is strictly increasing, that means 𝑝 <  𝑞  

implies that 𝐹𝑝 <  𝐹𝑞, where 𝑝, 𝑞 are positive reals. 

(J2) 𝑙𝑖𝑚𝑛→∞𝑐𝑛 = 0 if and only if 𝑙𝑖𝑚𝑛→∞𝐹(𝑐𝑛) =
−∞, for every sequence {𝑐𝑛} of positive numbers 

(J3) There exists 𝑚 ∈ (0,1) such that 

𝑙𝑖𝑚𝑐→0+𝑐𝑚𝐹(𝑐) = 0.  
 

Definition 2.1. Let (𝑃, 𝐺 ) be a G-metric space and 

𝑇 ∶ 𝑃 → 𝑃 be a mapping. Then, 𝑇 is known as  

generalized F-contraction of type (L), if  ∃  𝐹 ∈  𝐿𝐺 

and  𝜆 > 0 such that 𝐺 (𝑇𝑝, 𝑇𝑞, 𝑇𝑟) > 0, then  
 

𝛬 + F(G(Tp, Tq, Tr))  ≤ F (ST(p, q, r)), (2.1) 

 

where, 
𝑆𝑇 (𝑝, 𝑞, 𝑟)

= {𝐺 (𝑝, 𝑞, 𝑟), 𝐺 (𝑝, 𝑇𝑝, 𝑇𝑝), 𝐺 (𝑞, 𝑇𝑞, 𝑇𝑞), 𝐺 (𝑟, 𝑇𝑟, 𝑇𝑟)} . 
 

Definition 2.2. Let (𝑃, 𝐺 ) be a G-metric space and 

𝑇 ∶  𝑃 → 𝑃 be a mapping. Then, 𝑇 is known as 

generalized F-contraction of type (J), if ∃ 𝐹 ∈  𝐽𝐺   
and  𝜆 > 0 such that 𝐺 (𝑇𝑝, 𝑇𝑞, 𝑇𝑟)  > 0, then   
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𝜆 + 𝐹 (𝐺 (𝑇𝑝, 𝑇𝑞, 𝑇𝑟)) ≤ 𝐹 (𝑆𝑇(𝑝, 𝑞, 𝑟)),  

 
Where, 

𝑆𝑇 (𝑝, 𝑞, 𝑟)
= {𝐺 (𝑝, 𝑞, 𝑟), 𝐺 (𝑝, 𝑇𝑝, 𝑇𝑝), 𝐺 (𝑞, 𝑇𝑞, 𝑇𝑞), 𝐺 (𝑟, 𝑇𝑟, 𝑇𝑟)} . 
 

Example 2.3. Let 𝑃 = [0, 3].  
We define G on  

 

𝑃 𝑏𝑦 𝐺 (𝑝, 𝑞, 𝑟) = |𝑝 − 𝑞 | + |𝑞 − 𝑟 | + |𝑟 −  𝑝 |. 
 

Let 𝑇 ∶  𝑃 → 𝑃  be defined as  𝑇𝑝 =  2 , when 𝑝 ∈

[0, 3)  and  𝑇𝑝 =
1

3
,  if 𝑝 = 5. 

Now, (𝑃, 𝐺 ) is complete metric space. By choosing   

 

𝐹𝑝 = 𝐼𝑛 𝑝 and  𝜆 = 𝐼𝑛 
1

3
, 

 

we get that 𝑇 is generalized F-contraction of type 

(L) and type (J).   

 

Theorem 2.4. Let (𝑃, 𝐺 ) be a complete G-metric 

space and 𝑇 ∶  𝑃 → 𝑃 be a generalized F-

contraction of type (L). Then, T has a unique fixed 

point 𝜇 ∈ 𝑃 and the sequence {𝑇𝑛(𝑝0)}, where  

𝑛 ∈ 𝑁, converges to 𝜇 for each 𝜇 ∈ 𝑝.  
 

Proof: Let 𝑝0 ∈ 𝑃 and {𝑝𝑛} be the Picard sequence, 

i.e. 𝑝𝑛 = 𝑇𝑝𝑛−1, where 𝑛 ∈ 𝑁. If ∃ 𝑛 ∈ 𝑁 such 

that 𝑝𝑛+1 = 𝑝𝑛, then, 𝑇𝑝𝑛 = 𝑝𝑛. So, 𝑝𝑛 is fixed 

point of 𝑇. Let us suppose that  𝑝𝑛 ≠ 𝑝𝑛+1  ∀  𝑛 ∈
𝑁. Then, 𝐺(𝑝𝑛+1, 𝑝𝑛, 𝑝𝑛)  > 0  ∀  𝑛 ∈ 𝑁. From 

equation (2.1), we have 

 

𝐺(𝑇𝑝𝑛−1, 𝑇𝑝𝑛, 𝑇𝑝𝑛)  > 0, 
 

Which implies that, 

 

𝜆 + 𝐹(𝐺(𝑇𝑝𝑛−1, 𝑇𝑝𝑛 , 𝑇𝑝𝑛))  

≤ 𝐹 ({
𝐺(𝑝𝑛−1, 𝑝𝑛 , 𝑝𝑛), 𝐺(𝑝𝑛−1, 𝑇𝑝𝑛−1, 𝑇𝑝𝑛−1),

𝐺(𝑝𝑛 , 𝑇𝑝𝑛 , 𝑇𝑝𝑛), 𝐺(𝑝𝑛 , 𝑇𝑝𝑛 , 𝑇𝑃𝑛)
} ) 

= 𝐹 ({
𝐺 (𝑝𝑛−1, 𝑝𝑛, 𝑝𝑛), 𝐺 (𝑝𝑛−1, 𝑝𝑛, 𝑝𝑛), 𝐺 (𝑝𝑛 , 𝑝𝑛+1, 𝑝𝑛+1),

𝐺 (𝑝𝑛 , 𝑝𝑛+1, 𝑝𝑛+1)
} ) 

 = 𝐹 ({𝐺 (𝑝𝑛−1, 𝑝𝑛, 𝑝𝑛), 𝐺 (𝑝𝑛, 𝑝𝑛+1, 𝑝𝑛+1)} ). 
 

Therefore,  

 
𝜆 + 𝐹 (𝐺 (𝑝𝑛−1, 𝑝𝑛 , 𝑝𝑛)

≤ 𝐹 ({𝐺 (𝑝𝑛−1, 𝑝𝑛 , 𝑝𝑛), 𝐺(𝑝𝑛, 𝑝𝑛+1, 𝑝𝑛+1)} ) (2.2) 
 

If  there exists 𝑛 ∈ 𝑁 such that  

 
{𝐺 (𝑝𝑛−1, 𝑝𝑛 , 𝑝𝑛), 𝐺 (𝑝𝑛 , 𝑝𝑛+1, 𝑝𝑛+1)}  

= 𝐺 (𝑝𝑛 , 𝑝𝑛+1, 𝑝𝑛+1) 
 

From equation (2.2), we get, 

 

𝜆 + 𝐹(𝐺(𝑝𝑛 , 𝑝𝑛+1, 𝑝𝑛+1))  ≤ 𝐹(𝐺(𝑝𝑛 , 𝑝𝑛+1, 𝑝𝑛+1)) 

 

A contradiction, because 𝜆 > 0.  
Therefore, 

 
{𝐺 (𝑝𝑛−1, 𝑝𝑛 , 𝑝𝑛), 𝐺 (𝑝𝑛 , 𝑝𝑛+1, 𝑝𝑛+1)}  

= 𝐺 (𝑝𝑛−1, 𝑝𝑛, 𝑝𝑛)   ∀  𝑛 ∈ 𝑁. 
 

From (2.2), we obtain, 

 

𝜆 + 𝐹(𝐺(𝑇𝑝𝑛−1, 𝑇𝑝𝑛 , 𝑇𝑝𝑛))  ≤ 𝐹 (𝐺 (𝑝𝑛−1, 𝑝𝑛 , 𝑝𝑛)), 

 

which implies that  
 

𝐹(𝐺(𝑇𝑝𝑛−1, 𝑇𝑝𝑛 , 𝑇𝑝𝑛))  ≤ 𝐹 (𝐺(𝑝𝑛−1, 𝑝𝑛 , 𝑝𝑛)) − 𝜆. 
 

Therefore, 
 

𝐹(𝐺(𝑝𝑛 , 𝑝𝑛+1, 𝑝𝑛+1))  ≤ 𝐹(𝐺(𝑝𝑛−1, 𝑝𝑛 , 𝑝𝑛))  −

 𝜆.  (2.3) 

 

Since, 𝜆 > 0. Thus,   
 

𝐹(𝐺(𝑝𝑛, 𝑝𝑛+1, 𝑝𝑛+1))  < 𝐹(𝐺(𝑝𝑛−1, 𝑝𝑛, 𝑝𝑛)) 

 

Using the condition of (L1), F is strictly increasing. 

Therefore, 
 

𝐺(𝑝𝑛 , 𝑝𝑛+1, 𝑝𝑛+1)  < 𝐺(𝑝𝑛−1, 𝑝𝑛 , 𝑝𝑛) ∀  𝑛 ∈ 𝑁. 
 

So, {𝐺 (𝑝𝑛+1, 𝑝𝑛, 𝑝𝑛)} is a non negative decreasing 

sequence of real numbers, where 𝑛 ∈ 𝑁. Thus, we 

conclude that 𝑙𝑖𝑚𝑛→∞𝐺 (𝑝𝑛+1, 𝑝𝑛, 𝑝𝑛) = 𝛼 ≥ 0. 
Now we claim that 𝛼 = 0. Now let us suppose that 

𝛼 > 0. Also , {𝐺 (𝑝𝑛+1, 𝑝𝑛, 𝑝𝑛)} is a non negative 

decreasing sequence of real numbers, where 𝑛 ∈ 𝑁. 
Therefore,  

 
𝛼 ≤ 𝐺(𝑝𝑛+1, 𝑝𝑛, 𝑝𝑛). 

 

Again, by using the assumption (L1), F is strictly 

increasing. Therefore,  

 
𝐹𝛼 ≤ 𝑀(𝐺(𝑝𝑛+1, 𝑝𝑛, 𝑝𝑛)). 

 

Using equation (2.3), we obtain    

 

𝐹(𝛼)  ≤ 𝐹(𝐺(𝑝𝑛−1, 𝑝𝑛 , 𝑝𝑛))  − 𝜆 

≤  𝐺 (𝑝𝑛−2, 𝑝𝑛−1, 𝑝𝑛−1) − 2𝜆 
≤  𝐺 (𝑝𝑛−3, 𝑝𝑛−2, 𝑝𝑛−2) − 3𝜆 

. 

. 

. 
≤  𝐺 (𝑝0, 𝑝1, 𝑝1) − 𝑛𝜆. 

 

 

Therefore, 
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𝐹(𝛼)  ≤ 𝐹 ( 𝐺 (𝑝0, 𝑝1, 𝑝1)) − 𝑛𝜆  ∀  𝑛 ∈

𝑁.                                              (2.4) 

 

Also, 𝐹(𝛼) is a real number and  

 

𝑙𝑖𝑚𝑛→∞[𝐹 ( 𝐺 (𝑝0, 𝑝1 , 𝑝1)) − 𝑛𝜆] =  −∞. 
 

Therefore, 

 
∃  𝑚 ∈ 𝑁 

 

such that 

 

[𝐹 ( 𝐺 (𝑝0, 𝑝1, 𝑝1)) − 𝑛𝜆] < 𝐹𝛼  ∀ 𝑛 >

𝑚.                                                    (2.5) 

Combining (2.4) and (2.5), we get  

 

𝐹 (𝛼) ≤ [𝐹 ( 𝐺 (𝑝0, 𝑝1, 𝑝1)) − 𝑛𝜆] < 𝐹𝛼  ∀ 𝑛 > 𝑚. 

 

This contradiction establishes that 𝛼 = 0. Now, we 

have  
 

𝐺 (𝑝𝑛, 𝑇𝑝𝑛, 𝑇𝑝𝑛) = ( 𝐺 (𝑝𝑛 , 𝑝𝑛+1, 𝑝𝑛+1))  = 0. 

 

Further, we claim that {𝑝𝑛}𝑛=1
∞  is a Cauchy 

sequence. Arguing by contradiction, let us suppose 

that there exist 𝛿 > 0 and sequences 

{𝑝𝑛}𝑛=1
∞ , {𝑐 (𝑛)}𝑛=1

∞  such that for each 𝑛 ∈ 𝑁, 
 

𝑐(𝑛)  > 𝑑(𝑛)  > 𝑛,   𝐺(𝑝𝑐(𝑛), 𝑝𝑑(𝑛), 𝑝𝑑(𝑛))  ≥

𝛿,   𝐺((𝑝𝑐(𝑛)−1, 𝑝𝑑(𝑛), 𝑝𝑑(𝑛)))  < 𝛿. (2.6) 

 

Therefore, 

 

𝛿 ≤ 𝐺(𝑝𝑐(𝑛), 𝑝𝑑(𝑛), 𝑝𝑑(𝑛)) 

 

≤ 𝐺 (𝑝𝑐(𝑛), 𝑝𝑐(𝑛)−1, 𝑝𝑐(𝑛)−1) + 𝐺 (𝑝𝑐(𝑛)−1, 𝑝𝑑(𝑛), 𝑝𝑑(𝑛)) 

 
≤ 𝐺 (𝑝𝑐(𝑛), 𝑝𝑐(𝑛)−1, 𝑝𝑐(𝑛)−1) + ∈ 

 

= 𝐺 (𝑝𝑐(𝑛)−1, 𝑇𝑝𝑐(𝑛)−1, 𝑇𝑝𝑐(𝑛)−1). 

 
Since 𝛼 = 0, we obtain 

 
𝐺 (𝑝𝑛 , 𝑇𝑝𝑛 , 𝑇𝑝𝑛) = 0.    (2.7) 

 

So, the inequality becomes, 

 

𝐺 (𝑝𝑐(𝑛), 𝑝𝑑(𝑛), 𝑝𝑑(𝑛)) = 𝛿.   (2.8) 

 

From (2.7) there exists 𝑧 ∈ 𝑁 such that 

 

𝐺(𝑝𝑐(𝑛), 𝑇𝑝𝑐(𝑛), 𝑇𝑝𝑐(𝑛))  <
𝛿

4
 𝑎𝑛𝑑 𝐺(𝑝𝑑(𝑛), 𝑇𝑝𝑑(𝑛), 𝑇𝑝𝑑(𝑛))  <

𝛿

4
 ∀ 𝑛 ≥ 𝑧. (2.9) 

Now, we claim that 

 

𝐺(𝑇𝑝𝑐(𝑛), 𝑇𝑝𝑑(𝑛), 𝑇𝑝𝑑(𝑛))  =

𝐺(𝑝𝑐(𝑛)+1, 𝑝𝑑(𝑛)+1, 𝑝𝑑(𝑛)+1)  >  0 ∀ 𝑛 ≥ 𝑧. (2.10) 

 

Again by contradiction, let us suppose that there 

exists 𝑠 ≥ 𝑁, such that 

 

𝐺(𝑝𝑐(𝑠)+1, 𝑇𝑝𝑑(𝑠)+1, 𝑇𝑝𝑑(𝑠)+1)  ≥ 0. (2.11) 

 

Combining (2.6), (2.9), (2.11), we get 

 

𝛿 ≤ 𝐺(𝑝𝑐(𝑠), 𝑝𝑑(𝑠), 𝑝𝑑(𝑠)) 

 

≤ 𝐺 (𝑝𝑐(𝑠), 𝑝𝑐(𝑠)+1, 𝑝𝑐(𝑠)+1) + 𝐺 (𝑝𝑐(𝑠)+1, 𝑝𝑑(𝑠), 𝑝𝑑(𝑠)) 

≤ 𝐺 (𝑝𝑐(𝑠), 𝑝𝑐(𝑠)+1, 𝑝𝑐(𝑠)+1)

+ 𝐺 (𝑝𝑐(𝑠)+1, 𝑝𝑑(𝑠)+1, 𝑝𝑑(𝑠)+1)

+ 𝐺 (𝑝𝑑(𝑠)+1, 𝑝𝑑(𝑠), 𝑝𝑑(𝑠)) 

 
= (𝑝𝑐(𝑠), 𝑇𝑝𝑐(𝑠), 𝑇𝑝𝑐(𝑠)) + 𝐺 (𝑝𝑐(𝑠)+1, 𝑝𝑑(𝑠)+1, 𝑝𝑑(𝑠)+1)

+ 𝐺 (𝑝𝑑(𝑠), 𝑇𝑝𝑑(𝑠), 𝑇𝑝𝑑(𝑠)) 

<
𝛿

4
+ 0 +

𝛿

4
=

𝛿

2
, 

 

which is a contradiction and hence our supposition 

is wrong. 

Thus, we get 

 

𝐺(𝑇𝑝𝑐(𝑛), 𝑇𝑝𝑑(𝑛), 𝑇𝑝𝑑(𝑛))  

= 𝐺(𝑝𝑐(𝑛)+1, 𝑝𝑑(𝑛)+1, 𝑝𝑑(𝑛)+1)  

> 0 ∀ 𝑛 ≥ 𝑧. 
 

From (2.10) and assumption of the theorem, we 

obtain 

 

𝜆 + 𝐹 (𝐺(𝑇𝑝𝑐(𝑛), 𝑇𝑝𝑑(𝑛), 𝑇𝑝𝑑(𝑛)))  ≤

𝐹 (𝐺(𝑝𝑐(𝑛), 𝑝𝑑(𝑛), 𝑇𝑝𝑑(𝑛)))  > 0 ∀ 𝑛 ≥ 𝑁.    (2.12) 

 

From (2.3), (2.8) and (2.12), we get  

 
𝜆 + 𝑀(𝛿)  ≤ 𝑀(𝛿), 

 
which is a contradiction. Hence, {𝑃𝑛}𝑛=1

∞  is a 

Cauchy sequence. By completeness property of  

(𝑃, 𝐺 )  {𝑝𝑛}𝑛=1
∞  converges to a point 𝜇 in 𝑃. 

Therefore, 

𝐺 (𝑝𝑛, 𝑤, 𝑤) = 0.   (2.13) 

 

Finally, we show that 𝑇𝑤 = 𝑤. Two cases arise, 

 
(𝑖)  ∀ 𝑛 ∈ 𝑁  ∃ 𝑘𝑛 ∈ 𝑁, 𝑘𝑛 > 𝑘𝑛−1 , 𝑘0 = 1 𝑎𝑛𝑑 𝑝𝑘𝑛+1

= 𝑇𝑤. 
 

(𝑖𝑖) ∃ 𝑚3 ∈ 𝑁, ∀ 𝑛 ≥ 𝑚3, 𝐺 (𝑇𝑝𝑛 , 𝑇𝑤, 𝑇𝑤) > 0. 
 

In the first case  

 
𝑤 =  𝑙𝑖𝑚

𝑛→∞
𝑝𝑘𝑛+1

=  𝑙𝑖𝑚
𝑛→∞

𝑇𝑤 = 𝑇𝑤. 
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In the second case, using the assumption of the 

Theorem 2.4, we get 

𝜆 + 𝐹(𝐺(𝑝𝑛+1, 𝑇𝑤, 𝑇𝑤))  = 𝜆 + 𝐹(𝐺(𝑝𝑛 , 𝑇𝑤, 𝑇𝑤)) 

 

≤ 𝐹 ({
𝐺 (𝑝𝑛 , 𝑇𝑤, 𝑇𝑤), 𝐺 (𝑝𝑛, 𝑇𝑤, 𝑇𝑤), 𝐺 (𝑤, 𝑇𝑤, 𝑇𝑤),

𝐺 (𝑤, 𝑇𝑤, 𝑇𝑤)
} ). 

 

For each 𝑛 ≥ 𝑚3. 
 

From (L3), (2.13) and taking limit when 𝑛 → ∞, the 

above inequality becomes 𝜆 +

𝑀(𝐺(𝑤, 𝑇𝑤, 𝑇𝑤))  ≤ 𝑀(𝐺(𝑤, 𝑇𝑤, 𝑇𝑤)), which is 

a contradiction. So, our supposition is wrong. 

Therefore, 𝑇𝑤 = 𝑤. Next, we show that 𝑇 has at 

most one fixed point. On the contrary, we suppose 

that w and x are two fixed points of 𝑇, such that 

𝑇𝑤 = 𝑤 ≠ 𝑥 = 𝑇𝑥. Now, 𝐺(𝑇𝑤, 𝑇𝑥, 𝑇𝑥)  =
𝐺(𝑤, 𝑥, 𝑥)  > 0.  
From (2.1), we get  

 

𝐹 (𝐺 (𝑤, 𝑥, 𝑥)) <  𝜆 + 𝐹 (𝐺 (𝑤, 𝑥, 𝑥)) 

=  𝜆 + 𝐹 (𝐺 (𝑇𝑤, 𝑇𝑥, 𝑇𝑥)) 

≤
𝐹 ({𝐺 (𝑤, 𝑇𝑤, 𝑇𝑥), 𝐺 (𝑤, 𝑇𝑤, 𝑇𝑤), 𝐺 (𝑥, 𝑇𝑥, 𝑇𝑥), 𝐺 (𝑥, 𝑇𝑥, 𝑇𝑥)} )  

(2.14) 

= 𝐹 ({𝐺 (𝑤, 𝑥, 𝑥), 𝐺 (𝑤, 𝑤, 𝑤), 𝐺 (𝑥, 𝑥, 𝑥), 𝐺 (𝑥, 𝑥, 𝑥)} ) 
= 𝐹 (𝑤, 𝑥, 𝑥). 

 
It is a contraction. Therefore, 𝐺(𝑤, 𝑥, 𝑥)  = 0, that 

means 𝑤 = 𝑥. This establishes that the fixed point 

of 𝑇 is unique. 

 

Theorem 2.5. Let (𝑃, 𝐺 ) be a complete G-metric 

space and 𝑇 ∶ 𝑃 → 𝑃 be a continuous  generalized 

F-contraction of type (J). Then, T has a unique fixed 

point 𝜇 ∈ 𝑃 and the sequence 𝑇𝑛(𝑝0), where 𝑛 ∈
𝑁 converges to 𝜇, for each 𝜇 ∈ 𝑃.                    

 

Proof:  By using identical procedure which is used 

in Theorem 2.4, we get  

𝑀(𝐺(𝑝𝑛 , 𝑝𝑛+1, 𝑝𝑛+1))   = 𝑀(𝐺 (𝑇𝑝𝑛−1, 𝑇𝑝𝑛 , 𝑇𝑝𝑛)) 

 

≤  𝑀 (𝐺 (𝑝𝑛−1, 𝑝𝑛, 𝑝𝑛)) − 𝜆 

 

<  𝑀 (𝐺 (𝑝𝑛−1, 𝑝𝑛, 𝑝𝑛)). 
 

Therefore, 

 
𝐺 (𝑝𝑛 , 𝑇𝑝𝑛, 𝑇𝑝𝑛) = 𝐺 (𝑝𝑛, 𝑝𝑛+1, 𝑝𝑛+1) = 0.   

 
As in proof of Theorem 2.4, we can prove that {𝑝𝑛} 

is a Cauchy sequence. Also, (𝑃, 𝐺 ) is complete 

metric space. Therefore, {𝑝𝑛} converges to some 

point 𝜇 ∈ 𝑃. Since, 𝑇 is continuous. Therefore, 

 
𝐺 (𝑤, 𝑇𝑤, 𝑇𝑤)  = 𝐺(𝑝𝑛 , 𝑇𝑝𝑛 , 𝑇𝑝𝑛) =

𝐺(𝑝𝑛, 𝑝𝑛+1, 𝑝𝑛+1)  =  0.      (2.15) 

 

By using identical steps used in proof of Theorem 

2.4, we can prove that 𝜇 is unique fixed point of  𝑇.  
 

Example 2.6. Let 𝑃 =  [0,2). We define G on P by  

 
𝐺 (𝑝, 𝑞, 𝑟) = |𝑝 − 𝑞 | + |𝑞 − 𝑟 | + |𝑟 − 𝑝 |. 

 

Let 𝑇 ∶ 𝑃 → 𝑃 be defined as 𝑇𝑝 = 4, when  𝑝 ∈

[0,2)  and 𝑇𝑝 =
1

4
  if 𝑝 = 2. Now (𝑃, 𝐺 )  is 

complete metric space. Since, T is not continuous. 

Therefore, T is not F-Contraction. For 𝑝 ∈ [0,2) 

and 𝑞 = 2,  

𝐺(𝑇𝑝, 𝑇2, 𝑇2) = 𝐺 (4,
1

4
,
1

4
) 

 

 = |4 −
1

4
| + |

1

4
−

1

4
| + |

1

4
− 4| 

 

=
15

2
> 0 

 
Further, 

 
{𝐺 (𝑝, 𝑞, 𝑟), 𝐺 (𝑝, 𝑇𝑝, 𝑇𝑝), 𝐺 (𝑞, 𝑇𝑞, 𝑇𝑞), 𝐺 (𝑟, 𝑇𝑟, 𝑇𝑟)}  

≥ 𝐺 (𝑝, 𝑇𝑝, 𝑇𝑝)+, 𝐺 (𝑞, 𝑇𝑞, 𝑇𝑞) 
 

𝐺(2,4,4) + 𝐺 (2,
1

4
,
1

4
) = 4 +

14

4
=

15

2
> 0 

 

Therefore, 

 
𝐺(𝑇𝑝, 𝑓2, 𝑓2)  

≤
1

4
{𝐺(𝑝, 𝑞, 𝑟), 𝐺(𝑝, 𝑇𝑝, 𝑇𝑝), 𝐺(𝑞, 𝑇𝑞, 𝑇𝑞), 𝐺(𝑟, 𝑇𝑟, 𝑇𝑟)} . 

 

Now, by choosing 𝐹𝑝 = 𝐼𝑛 𝑝  and 𝜆 = 𝐼𝑛
1

2
, we 

obtain that 𝑇 is generalized F-contraction of type (L) 

and type (J). Let (𝑃, 𝑏 )  and T be defined as in the 

above example. Since, 𝑇 is not an F-weak 

contraction, because T is not continuous. So, 

Theorem 1.6 is not implemented to 𝑓 on (𝑋, 𝑑 ). 
Also, 𝑇 is a generalized F-contraction of type (L) 

and type (J) and (𝑃, 𝑏 ) is complete, hence Theorem 

2.4 and 2.5 are implemented to  𝑇 on (𝑃, 𝑏 ). 
 

Theorem 2.7. Let (𝑃, 𝐺 ) be a complete G-metric 

space and 𝑇 ∶ 𝑃 → 𝑃 be a map such that  
 

𝐺(𝑇𝑝, 𝑇𝑞, 𝑇𝑞)  ≤ 𝑙 𝐺(𝑝, 𝑞, 𝑞) + 𝑚 𝐺(𝑝, 𝑇𝑝, 𝑇𝑝) +
𝑛 𝐺(𝑞, 𝑇𝑞, 𝑇𝑞), ∀𝑥, 𝑦 ∈ 𝑋, where 𝑙, 𝑚, 𝑛 ≥ 0 

 

with 𝑠 + 𝑡 + 𝑢 < 1. Then 

 
(𝑖)  T  has a unique fixed point  𝜇 ∈ 𝑃. 
 

(𝑖𝑖)  For each  𝑝 ∈ 𝑃, 𝑖𝑓 𝑇𝑛+1𝑝 = 𝑇𝑛𝑝 ∀ 𝑛 ∈ 𝑁 ∪
{0}, then 𝑇𝑛 𝑝 = 𝑤. 
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Proof:  It is given that ∀ 𝑝, 𝑞 ∈ 𝑃,  
𝐺(𝑇𝑝, 𝑇𝑞, 𝑇𝑟)  ≤ 𝑠𝐺 (𝑝, 𝑞, 𝑞) + 𝑡𝐺 (𝑝, 𝑇𝑝, 𝑇𝑝)

+ 𝑢𝐺 (𝑞, 𝑇𝑞, 𝑇𝑞). 
 

≤ (𝑠 + 𝑡
+ 𝑢)𝑚𝑎𝑥{𝐺 (𝑝, 𝑞, 𝑟), 𝐺 (𝑝, 𝑇𝑝, 𝑇𝑝), 𝐺 (𝑞, 𝑇𝑞, 𝑇𝑞), 𝐺 (𝑟, 𝑇𝑟, 𝑇𝑟)} 
≤ 𝑘{𝐺 (𝑝, 𝑞, 𝑟), 𝐺 (𝑝, 𝑇𝑝, 𝑇𝑝), 𝐺 (𝑞, 𝑇𝑞, 𝑇𝑞), 𝐺 (𝑟, 𝑇𝑟, 𝑇𝑟)} , 

 

where  𝑘 = 𝑠 + 𝑡 + 𝑡 ∈ [0,1) 

 

If  𝐺(𝑌𝑝, 𝑇𝑞, 𝑇𝑞)  > 0, we get 

 

𝐼𝑛
1

𝑘
+ 𝐼𝑛(𝐺 (𝑇𝑝, 𝑇𝑞, 𝑇𝑞)  

≤ 𝐼𝑛(𝑚𝑎𝑥{𝐺(𝑝, 𝑞, 𝑟), 𝐺(𝑝, 𝑇𝑝, 𝑇𝑝), 𝐺(𝑞, 𝑇𝑞, 𝑇𝑞), 𝐺(𝑟, 𝑇𝑟, 𝑇𝑟). 
 

By taking 𝐹 = 𝐼𝑛(𝑙)  and 𝜆 = 𝐼𝑛 
1

𝑘
  in Theorem 

2.4 and 2.5, we get the result. 
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