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The concept of multipliers in an Almost (m, m+1)-semilattice is introduced and we
prove some important results of Almost (m, m+1)-semilattice. In this paper, we
introduced the definition for an order relation and almost (m,n)-semilattice with zero.
Also we proved some important remarks, lemmas and properties are discussed with
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1. Introduction

The concept of semilattice was introduced by
F.Klein in1939.The concept of Almost Semilattice
(ASL) was introduced be G.Nanaj Rao and
T.G.Beyene [8] as a generalization of almost
distributive lattice as a semilattice. Velrajan.M and
Pramila Inpa Rose.A [10] introduced the concept of
(m, n)-semilattice as a generalization of semilattice.
A commutative semigroup S is called an (m, n)-
semilattice if x" = x™, for all x € S, where m and n
are positive integers with m < n. For the
background of semilattices, we refer the reader to
[3, 5, 6]. The concept of Almost (m, n)-semilattice
was introduced by E.A. Geoferlin Jesho and Dr. A.
Pramila Inpa Rose as a generalization of
semilattices [4]. Beyene, T. G., & Alemu, H. T.
introduced the concept of multipliers in Almost
semilattice[9].

In this paper, we introduce the concept of
multipliers in an Almost (m, m+1)-semilattice
which is a generalization of semilattice and derive

some properties of Almost (m, m+1)-semilattice.
Moreover, we prove that definition for an order
relation and almost (m,n)-semilattice with zero with
examples

2. Preliminaries

Definition 2.1. A partially ordered set or simply a
poset (P, <) is called a lattice if lLu.b.{x,y} and
g.l.b.{x,y} exist for all x, y € P.

Definition 2.2. A semilattice S is a nonempty set
and ° is a binary operation on S satisfying:

1. x° (y°z) = (X°y) °z (Associative law)
2. Xey = y°x (Commutative law)
3.xx=x, forallx,y,z€S. (ldempotent law)

Definition 2.3. [8] An Almost Semilattice (L, ©) is
a non-empty set and ° is a binary operation on L,
satisfies the following conditions:

(1) (xey)°z = x°(yez) (Associative law)
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(2) (xey)°z = (y°X)°z
Commutative law)

(Almost

(3) xex =x, forall x, y, z € L. (Idempotent law).

Definition 2.4. [10] Let m and n be positive
integers with m < n. A non empty set S together
with a commutative and associative binary
operation is called an (m, n)-semilattice if for each
a € S, a"=a™ where a" = aaa...a (n times).

Definition 2.5. [4] Let m and n be positive integers
with m < n. A non empty set N together with a
binary operation ° is said to be an Almost (m, n)-
semilattice if the following axioms holds:

(1) (x°y)°z = (y°x)°z (Almost
commutative law)

(i) xe(y°z) = (x°y)°z.
(Associative law)

(iii) x" = xm,

(i.e) X"=x ° x ° X...c X (n times), ((m,n)-
potent law)
forx,y,z€N.

3. Main results
3.1.0rder relation on Almost (m, n)-semilattice

In this section, we define the order relation on
Almost (m, n)-semilattice and study some
important properties. Also, we prove theorems and
related corollaries on it.

Definition 3.1.1 Let N be an Almost (m, n)-
semilattice. Then for any a, b € N, we say that a is
less than or equal to b and write a <b, if a = acb.

Property 3.1.2 Let N be an Almost (m, n)-
semilattice. If a <b, then acb = bea for any
a,beN.
Proof: Now, a<b = a= acb
Consider, acb = (acb)eb

= (bea)°b [By Almost
commutative law ]

= be(a° b) [By Associative
law ]

=bea

Theorem 3.1.3 Let N be an Almost (m, n)-
semilattice. Then,

1) <is antisymmetric and transitive .
2) Reflexive if and only if a is idempotent.

Proof:
1) Antisymmetric: Leta, b € N.

If a<b=a=acband b<a=b=>b-a.

By property 3.1.2,a°b=b ca

Thus, a=b.

Transitive: Leta, b, c € N.
Now,a<b=a=acband b<c=b=Db °c.
Now, a=acb

=a o(bec)
= (a°b) °c
= acc.
Therefore, a <c.
2) Now,a<aa=aca
& a=a’?
& ais idempotent.
Theorem 3.1.4 Let N be an Almost (m, n)-
semilattice. Then, for any a, b € N, we have the
following :

[By Associative law]

(I)Ifa<b,thenbea<b.

(2) Ifa<b, then (acb) °b= bra.

(3)Ifa<b,thenacb <b.
Proof: Now, a<b = a=acb

(1) Consider, (bea)b = be(acb) [By
Associative law]
= bea
Therefore, bea <b.
(2) Consider, (acb)°b = (bea)°b [By Almost
commutative law]
= be(ab) [By

Associative law]

=bea
Therefore, (a°b)°b = bea.
(3) From (1), bea <b.
= acb < b, by property 3.1.2.

Remark 3.1.5 From the above theorem, (1) and (2)
are equivalent, and (1) and (3) are equivalent.
Proof:
Assume (1) .
(i.e)Ifa<b,thenbea<b
= bea = (bea)eb.
Consider, (a°b)°b = (bea)°b
=bea.
Hence, (2).
Now, assume (2).
i.e)Ifa<b,then (a°b)°b = bea.
Consider, (b°a)°b = (a°b)°b
= bea.
Hence, (1).
Therefore, (1) (2).
Also, assume (1).
(i.e) Ifa<b, then bca<b
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= bea = (bea)°b.
Consider, (a°b)°b = (bea)°b
=Dbea
=acb. [By property 3.1.2]
Hence, (3).
Now, assume (3).
(i.e) Ifa<b,thenab<b
= a°b = (a°b)eb.
Consider, (bea)°b = (a°b)°b
=acb
=bea. [By property 3.1.2]
Hence, (1).
Therefore, (1)(3).
Theorem 3.1.6 Let N be an Almost (m, n)-
semilattice. Then, for any a, b, ¢, d € N, we have
the following:

i. Ifa<bandc<d,then acc <bed.
ii. Ifc<aandc<b,thenc<acb.
ili. Ifc<b,thenasc< b.

iv. Ifa<banda<c,thenacc< bec,

v. Ifa<banda<c,thencea< cob.

Proof: Leta, b,c,d € N.

i. Now,a<b=a=acbandc<d= c=ced.

Consider, (asc) < bed) = ac[ce(bed)]
[By Associative law]
= ao[(cob)od]
[By Associative law]
= ao[(boc)od]
[By Almost commutative law]
= ao[bo(cod)]
[By Associative law]
= (acb)°(cod)

[By Associative law]
=acc.
Therefore, acc < bed
Now, c <a= c=ceaand c <b = c¢= cob.
Consider, c °(acb) (cea)°b
[By Associative law]
=cob
=C.
Therefore, ¢ < acb
Now, ¢ <b = c=c°b.
Consider, (a°c)°b
[By Associative law]
=acc .
Therefore, acc < b.

iii.
ac(cob)

iv. Now,a<b= a=acbanda<c= a=acc.
Consider, (acc)o( bec) = a°[ce(boc)]
[By Associative law]
= a[(cob)ec]
[By Associative law]
= ac[(bec)ec]

[By Almost commutative law]

[By Associative law]

[ac(bec)]ec

[By Associative law]
= (a°c)ec
=ac°C

[(asb)ec]ec

Therefore, a oc < bec.

V. Now,a<b=a=acbanda<c= a=acc.
Consider,  (cea)e(cocb) = ce[a°(cob)]
[By Associative law]
= ce[(acc)°b]
[By Associative law]
= co(acb)
= ceoa

Therefore, coa < cob.

Property 3.1.7 Let N be an Almost (m, n)-
semilattice. If a < b, then aca < b for any
a,beN.

Proof: Leta, b € N.
Now,a<b=a=ab

Consider, (aca)°b = ac(a°b)
Associative law]

= aca.
Therefore, aca <b.

[By

3.2. Almost (m, n)-semilattice with zero

In this section, we introduce the concept of an
Almost (m, n)-semilattice with zero. And, we prove
some properties and theorems with examples on
Almost (m, n)-semilattice with zero.

Definition 3.2.1 A non empty set N together with a
binary operation ° is said to be an Almost (m, n)-
semilattice with zero if the following axioms hold:

i (xy)z - (yox)°z
(Almost commutative law)

il xo(y°z) = (x°y)°z.
(Associative law)

iii. x"=xm,
(i.e) X"=xe°xe°x..°ox (ntimes). ((m,

n)-potent law)
0ex =0,
forx,y,z€N.

Example 3.2.2 Let N = {0, a, b, c}. Define a binary
operation ¢ on N as follows:

o|0o|0o|o|o

T|T|D | O|T

O T2 (O)|o°
DD O|D
DO |V IO|O

9838

Here, N is an Almost (2,3)-semilattice with 0.
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Lemma 3.2.3 Let N be an Almost (m, n)-
semilattice with 0. Then for any a € N, a0 = 0.
Proof: Leta € N.

Suppose N be an Almost (m, n)-semilattice with 0.

Then, a°0 = ac(0-a) [By definition 3.2.1]

= (a°0)°a [By Associative law]

= (0Oca)ea [By Almost
commutative law]

=Qca

=0

Therefore, ac0=0

Lemma 3.24 Let N be an Almost (m, n)-
semilattice with 0. Then forany a, b € N, ifa<b
then a°b = 0 if and only if bea = 0.
Proof: Leta € Nand a <b = a= acb.
Suppose a°b = 0.
Then, bea = be(acb)
= (bea)°b
= (acb)b
commutative law]
=0°b
=0
Therefore, bea= 0.
Conversely, assume bea= 0
Now, a°b = (a°b)°b
= (bea)b
commutative law]
=0°b
=0
Therefore, acb = 0.
Corollary 3.2.5 Let N be an Almost (m, n)-
semilattice with 0. Then forany a, b € N, if
a < b then a°b = bea.
Proof: Leta,be Nanda<b.
Ifacb =0,
by lemma 3.2.4, bea = 0.
Therefore, acb = bea .

[By definition 3.2.1]
[By Associative law]
[By Almost

[By Almost

3.3. Multipliers in AlImost (m, m+1)-semilattice:

In this section, we introduce the concept of
multipliers in an Almost (m, m+1)-semilattice and
give examples for it. Also, we prove some related
properties of multipliers in Almost (m, m+1)-
semilattice. Further, we define some definitions
based on an Almost (m, m+1)-semilattice and
also prove some important properties based on it.
Definition 3.3.1 Let N be an Almost (m, m+1)-
semilattice. A function f : N— N is called a
multiplier of N if f(x°y) = x°f(y) for all x, y € N.
Example 3.3.2 Let N = {a, b, c, d}. Define a binary
operation ° on N as follows:

C

a

C

a

C

d

a

d

c

d

Then, clearly (N, ) is an Almost (2,3)-semilattice.

Now, define f: N — N by
a,wheny = a,c
fy) = {b, wheny =b,d
Then, fis a multiplier on N.
Lemma 3.3.3 Let N be an Almost (m, m+l1)-
semilattice. Then the identity map on N is a
multiplier on N. This multiplier is called the
identity multiplier on N.
Proof: Let f : N— N defined by f(y) =y, forall y €
N be the identity map on N.
Then, for any x, y € N.
Now, f(xey) =xcy
= x °f(y).
Therefore, f is a multiplier on N.
Example 3.3.4 Let N={a, b, ¢, d}. Define a binary
operation ¢ on N as follows:

Ol |0 | |T
(@RI RIS RES R o]
o0 |0 ||

o0 ||| o
DD || (D

° a b c d
a a a a a
b a b c b

9839

Then, clearly (N, °) is an Almost (3,4)-semilattice.
Now, define f : N— N by f(y) =y, wheny=a, b, c,
d.

Then, fis an identity multiplier on N.

Example 3.3.5 Let N be an Almost (m, m+1)-
semilattice with 0.Then a function f : N — N
defined by f(y) = 0 for any y € N is a multiplier on
N which is called a zero multiplier.

Remark 3.3.6 In an Almost (m, m+1)-semilattice
N, every function may not be a multiplier on N.
Example 3.3.7 Let N = {u, v, w}. Define a binary
operation ° on N as follows:

° u Vv w
u u u u
V u V W
\W u V W

Then, clearly (N, ) is an Almost (1,2)-semilattice.
Now, define f : N— N by f(u) = w, f(v) = v and
f(w) = u.

Then, f is not a multiplier on N, since f(uev) = f(u)
=wZ£u=ue f(v).

Lemma 3.3.8 Let N be an Almost (m, m+1)-
semilattice and a € N. Define a function

fa: N — N by fa(y) =acy forally € N. Then, faisa
multiplier on N. Such a multiplier of N is called a
principal multiplier of N.
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Proof: Letx,y € N.
Then, fa(xey) = as(x°y)

= (a°x)ey [By Associative
law]

= (xca)°y [By Almost
commutative law]

= x°(a°y) [By Associative
law]

= xofa(y).

Therefore, f, is a multiplier on N
Definition 3.3.9 A multiplier f in an Almost (m,
m+1)-semilattice N is called an isotone multiplier
if x <y implies f(x) < f(y) for all x, y € N.
Lemma 3.3.10 Let N be an Almost (m, m+1)-
semilattice and f be a multiplier of N. If x <y and
f(y) =y, then f(x) = x.
Proof: Let X, y € N such that x <y, then x=x°y .
Then, f(x) = f(x°y)
= x°f(y)
= xoy
=X
Therefore, f(x) = x.
Theorem 3.3.11 Let N be an Almost (m, m+1)-
semilattice and f be a multiplier of N. If
x <y, then f(x)°f(y) = f(y)-f(x) .
Proof: Let X, y € N such that x <y, then x= x°y.
Now, f(x)°f(y) = f(x°y)~f(y)
= [xf(y)]f(y)
= [fly)>x]°f(y)
Almost commutative law]
= f(y)e[xf(y)]
Associative law]
= f(y)°f(x°y)
= f(y)f(x)
Therefore, f(x)° f(y) = f(y)° f(x).
Lemma 3.3.12 Let N be an Almost (m, m+1)-
semilattice and fa is a principal multiplier on N. If x
<y, then fa(x)°fa(y) = fa(y)°fa(X).
Proof: Let x, y € N such that x <y, then x = x°y.
Now, fo(x)efa(y) = (a°x)*(a=y)

[By

[By

= (xea)°(a°y) [By
Almost commutative law]

= [(xey)-al*(a=y) [ x =
xey]

= [(yex)-a]°(a°y) [By
Almost commutative law]

= [ye(xea)]e(a°y) [By
Associative law]

= {yel(x-a)° a]}°y [By
Associative law]

= {yel(a>x)° a]}°y [By
Almost commutative law]

= {lye(ax)]> ajey [By
Associative law]

= {a[ye(a>x)]}°y [By

Almost commutative law]
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= {(a°y)=(a°x)}°y [By
Associative law]

= (a°y)° [(a*x)°y] [By
Associative law]

= (a°y)e [a°(x°y)] [By
Associative law]

= (acy)e(a°x) [Since x
= x°y]

= fa(y)ofa(x)

Therefore, fa(x)ofa(y) = fa(y)-fa(X) .

Lemma 3.3.13 Let N be an Almost (m, m+1)-
semilattice and fa is a principal multiplier on N. If x
<y and fa(y) =y, then f; is an isotone multiplier on
N.
Proof: Let x,y € N.
Now, fa(x)fuly) = (ax)°y

= as(x°y)

= a°x

= fa(x).
= fa(x) < fa(y).
Therefore, f, is an isotone multiplier on N.
Proposition 3.3.14 Let N be an Almost (m, m+1)-
semilattice and f1 and f. be the two multipliers of N.
Then, the composition map of f; and f;, fiof; is a
multiplier of N.
Proof: Letx,y € N.
Then, (fiof2)(x°y) = fi(fa(x°y))

= fi(xefa(y)) [Since f;is a
multiplier]

= x°fi(f2(y)) [Since fiis a
multiplier]

= x°(frof2)(y)

Therefore, fiof; is a multiplier of N.
Proposition 3.3.15 Let N; and N; be two Almost
(m, m+1)-semilattices with 0. Define

f 1 N1xNo— NixNz by f(x, y)= (x, 0) for all (x, y)
€ NixNo. Then f is a multiplier of Nix Nz with
respect to pointwise operation.

Proof: Let N1 and N2 be two Almost (m, m+1)-
semilattices with 0.

Then, clearly, (N1xN2,°,(0,0)) is an Almost (m,
m+1)-semilattice with zero under the pointwise
operation, where (X1, Y1)°o(X2, Y2) = (X1°X2,Y1°Y2) for
any (X1,y1), (X2,y2) € N1xNo.

Then, f((X1,Yy1)°(x2,y2)) = f(X1°X2, Y1°Y2)
= (X1°X2, O)
= (X1°X2, Y1°0)
= (X1,y1)°(x2,0)
= (Xu,Yy1)f(x2,y2)
Therefore, fis a multiplier of N1xNa,

4. Conclusions

In this paper, we discussed the new concept and
defined the conditions in an almost (m, m+1)-
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semilattice. Also, we discussed some examples,
remarks and theorems based on it.
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