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Abstract:  
 

The concept of multipliers in an Almost (m, m+1)-semilattice is introduced and we 

prove some important results of Almost (m, m+1)-semilattice. In this paper, we 

introduced the definition for an order relation and almost (m,n)-semilattice with zero. 

Also we proved some important remarks, lemmas and properties are discussed with 

examples. 

 

1. Introduction 
 

The concept of semilattice was introduced by 

F.Klein in1939.The concept of Almost Semilattice 

(ASL) was introduced be G.Nanaj Rao and 

T.G.Beyene [8] as a generalization of almost 

distributive lattice as a semilattice. Velrajan.M and 

Pramila Inpa Rose.A [10] introduced the concept of 

(m, n)-semilattice as a generalization of semilattice. 

A commutative semigroup S is called an (m, n)-

semilattice if xn = xm, for all x ∈ S, where m and n 

are positive integers with m < n. For the 

background of semilattices, we refer the reader to 

[3, 5, 6]. The concept of Almost (m, n)-semilattice 

was introduced by E.A. Geoferlin Jesho and Dr. A. 

Pramila Inpa Rose as a generalization of 

semilattices [4]. Beyene, T. G., & Alemu, H. T. 

introduced the concept of multipliers in Almost 

semilattice[9]. 

      In this paper, we introduce the concept of 

multipliers in an Almost (m, m+1)-semilattice 

which is a generalization of semilattice and derive 

some properties of Almost (m, m+1)-semilattice. 

Moreover, we prove that definition for an order 

relation and almost (m,n)-semilattice with zero with 

examples  

2. Preliminaries 

Definition 2.1. A partially ordered set or simply a 

poset (P, ≤) is called a lattice if l.u.b.{x,y} and 

g.l.b.{x,y} exist for all x, y ∈ P. 

Definition 2.2. A semilattice S is a nonempty set 

and ◦ is a binary operation on S satisfying:  

 1. x◦ (y◦z) = (x◦y) ◦z                   (Associative law) 

 2. x◦y = y◦x                                (Commutative law) 

 3. x◦x = x, for all x , y, z ∈ S.     (Idempotent law) 

Definition 2.3.  [8] An Almost Semilattice (L, ◦) is 

a non-empty set and ◦ is a binary operation on L, 

satisfies the following conditions:  

(1) (x◦y)◦z = x◦(y◦z)                  (Associative law) 

http://dergipark.org.tr/en/pub/ijcesen
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(2) (x◦y)◦z = (y◦x)◦z                  (Almost 

Commutative law) 

(3) x◦x = x, for all x, y, z ∈ L.   (Idempotent law). 

Definition 2.4. [10] Let m and n be positive 

integers with m < n. A non empty set S together 

with a commutative and associative binary 

operation is called an (m, n)-semilattice if for each   

a ∈ S, an = am, where an = aaa...a (n times). 

Definition 2.5. [4]  Let m and n be positive integers 

with m < n. A non empty set N together with a 

binary operation ◦ is said to be an Almost (m, n)-

semilattice if the following axioms holds: 

     (i) (x◦y)◦z = (y◦x)◦z                                (Almost 

commutative law) 

     (ii) x◦(y◦z) = (x◦y)◦z.                              

(Associative law)  

     (iii) xn = xm ,                                      

          (i.e) xn = x ◦ x ◦ x...◦ x (n times),      ((m,n)-

potent law)  

                 for x, y, z ∈ N. 

 

3. Main results 

3.1.Order relation on Almost (m, n)-semilattice 

In this section, we define the order relation on 

Almost (m, n)-semilattice and study some 

important properties. Also, we prove theorems and 

related corollaries on it. 

Definition 3.1.1 Let N be an Almost (m, n)-

semilattice. Then for any a, b ∈ N, we say that a is 

less than or equal to b and write a ≤ b, if a = a◦b. 

Property 3.1.2 Let N be an Almost (m, n)-

semilattice. If a ≤ b, then a◦b = b◦a for any  

a, b ∈ N. 

Proof: Now, a ≤ b ⇒ a= a◦b                        

  Consider, a◦b = (a◦b)◦b          

                           = (b◦a)◦b          [By Almost 

commutative law ] 

                           = b◦(a◦ b)         [By Associative 

law ] 

                           = b◦a                 

Theorem 3.1.3 Let N be an Almost (m, n)-

semilattice. Then, 

1) ≤ is antisymmetric and transitive . 

2)  Reflexive if and only if a is idempotent. 

Proof:  

1) Antisymmetric: Let a, b ∈ N. 

   If  a ≤ b ⇒ a = a◦b and  b ≤ a⇒ b = b ◦a. 

   By property 3.1.2, a ◦b = b ◦a   

   Thus, a = b. 

            Transitive: Let a, b, c ∈ N. 

            Now, a ≤ b ⇒ a = a◦ b and  b ≤ c ⇒ b = b ◦c. 

            Now, a = a◦b                            

                = a ◦(b◦c)                      

                = (a◦b) ◦c        [By Associative law]              

                = a◦c.                          

 Therefore, a ≤ c. 

2)  Now, a ≤ a ⇔a = a ◦a   

                        ⇔ a=a²  

                        ⇔ a is idempotent.  

Theorem 3.1.4 Let N be an Almost (m, n)-

semilattice. Then, for any a, b ∈ N, we have the 

following : 

    (1) If a ≤ b , then b◦a ≤ b. 

    (2) If a ≤ b , then (a◦b) ◦b= b◦a. 

    (3) If a ≤ b , then a◦b ≤ b. 

Proof: Now, a ≤ b ⇒ a=a◦b                        

    (1)  Consider, (b◦a)◦b = b◦(a◦b)        [By 

Associative law]             

                                       = b◦a                   

          Therefore, b◦a ≤ b.    

    (2) Consider, (a◦b)◦b = (b◦a)◦b           [By Almost 

commutative law]     

                                      = b◦(a◦b)            [By 

Associative law]     

                                     = b◦a                  

       Therefore, (a◦b)◦b = b◦a. 

   (3) From (1), b◦a ≤ b. 

            ⇒ a◦b  ≤  b, by property 3.1.2. 

 

Remark 3.1.5 From the above theorem, (1) and (2) 

are equivalent, and (1) and (3) are equivalent. 

Proof:  

Assume (1) . 

 (i.e) If a ≤ b , then b◦a ≤ b  

     ⇒ b◦a = (b◦a)◦b. 

 Consider, (a◦b)◦b = (b◦a)◦b 

                              = b◦a . 

 Hence, (2). 

Now, assume (2). 

 i.e) If a ≤ b , then  (a◦b)◦b = b◦a. 

   Consider, (b◦a)◦b = (a◦b)◦b 

                                = b◦a. 

 Hence, (1). 

Therefore, (1)⇔(2). 

Also, assume (1). 

 (i.e) If a ≤ b, then b◦a ≤ b  
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     ⇒ b◦a = (b◦a)◦b. 

Consider, (a◦b)◦b = (b◦a)◦b 

                             = b◦a  

                             = a◦b .         [By property 3.1.2]     

  Hence, (3). 

 Now, assume (3).  

(i.e) If a ≤ b, then a◦b ≤ b  

   ⇒ a◦b = (a◦b)◦b. 

  Consider, (b◦a)◦b = (a◦b)◦b 

                               = a◦b 

                               = b◦a .   [By property 3.1.2]     

   Hence, (1). 

Therefore, (1)⇔(3). 

Theorem 3.1.6 Let N be an Almost (m, n)-

semilattice. Then, for any a, b, c, d ∈ N, we have 

the following: 

i. If a ≤ b and c ≤ d, then a◦c ≤ b◦d. 

ii. If c ≤ a and c ≤ b, then c ≤ a◦b. 

iii. If c ≤ b, then a◦c ≤  b. 

iv. If a ≤ b and a ≤ c, then a◦c ≤  b◦c. 

v. If a ≤ b and a ≤ c, then c◦a ≤  c◦b. 

Proof: Let a, b, c, d ∈ N. 

i. Now, a ≤ b ⇒ a= a◦b and c ≤ d ⇒ c= c◦d. 

     Consider, (a◦c) ◦( b◦d) = a◦[c◦(b◦d)]             

[By Associative law]     

                                    = a◦[(c◦b)◦d]             

[By Associative law]     

                                    = a◦[(b◦c)◦d]             

[By Almost commutative law]       

                                    = a◦[b◦(c◦d)]             

[By Associative law]     

                                    = (a◦b)◦(c◦d)             

[By Associative law]     

                                    = a◦c .                          

Therefore, a◦c ≤  b◦d 

ii. Now, c ≤ a ⇒ c= c◦a and c ≤ b ⇒ c= c◦b. 

Consider, c ◦(a◦b) = (c◦a)◦b                        

[By Associative law]                       

                             = c◦b                                      

                             = c.                                        

Therefore, c ≤ a◦b  

iii. Now, c ≤ b ⇒ c= c◦b. 

Consider, (a◦c)◦b = a◦(c◦b)                      

[By Associative law]                     

                            = a◦c .                                 

Therefore, a◦c ≤  b. 

iv. Now, a ≤ b ⇒ a= a◦b and a ≤ c⇒ a= a◦c. 

Consider, (a◦c)◦( b◦c) = a◦[c◦(b◦c)]          

[By Associative law]        

                                   = a◦[(c◦b)◦c]           

[By Associative law]      

                                   = a◦[(b◦c)◦c]           

[By Almost commutative law]        

                                   = [a◦(b◦c)]◦c           

[By Associative law]          

                                   = [(a◦b)◦c]◦c            

[By Associative law]       

                                   = (a◦c)◦c                        

                                   = a ◦c    

Therefore, a ◦c ≤  b◦c.                            

v. Now, a ≤ b ⇒ a= a◦b and a ≤ c⇒ a= a◦c. 

Consider, (c◦a)◦(c◦b) = c◦[a◦(c◦b)]           

[By Associative law]     

                                  = c◦[(a◦c)◦b]           

[By Associative law]        

                                  = c◦(a◦b)                      

                                  = c◦a                            

Therefore, c◦a ≤  c◦b. 

Property 3.1.7 Let N be an Almost (m, n)-

semilattice. If a ≤ b, then a◦a ≤ b for any  

a, b ∈ N. 

 Proof: Let a, b ∈ N. 

 Now, a ≤ b ⇒ a = a◦b                        

  Consider, (a◦a)◦b = a◦(a◦b)                  [By 

Associative law]            

                              = a◦a.                                 

  Therefore, a◦a  ≤ b. 

 

3.2. Almost (m, n)-semilattice with zero           
 

In this section, we introduce the concept of an 

Almost (m, n)-semilattice with zero. And, we prove 

some properties and theorems with examples on 

Almost (m, n)-semilattice with zero.  

Definition 3.2.1 A non empty set N together with a 

binary operation ◦ is said to be an Almost (m, n)-

semilattice with zero if the following axioms hold: 

i. (x◦y)◦z = (y◦x)◦z                                

(Almost commutative law) 

ii.  x◦(y◦z) = (x◦y)◦z.                              

(Associative law)  

iii. xn = xm ,                                                                               

 (i.e) xn = x ◦ x ◦ x...◦ x (n times).      ((m, 

n)-potent law) 

iv. 0◦x = 0,  

for x, y, z ∈ N.       

Example 3.2.2 Let N = {0, a, b, c}. Define a binary 

operation ◦ on N as follows: 

◦ 0 a b c 

0 0 0 0 0 

a 0 a a a 

b 0 a b c 

c 0 a b a 

                                

  Here, N is an Almost (2,3)-semilattice with 0.                                      
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Lemma 3.2.3 Let N be an Almost (m, n)-

semilattice with 0. Then for any a ∈ N, a◦0 = 0. 

Proof: Let a ∈ N. 

Suppose N be an Almost (m, n)-semilattice with 0.  

Then, a◦0 = a◦(0◦a)            [By definition 3.2.1]        

                = (a◦0)◦a            [By Associative law]          

                = (0◦a)◦a             [By Almost 

commutative law]        

                = 0◦a                   

                = 0                      

      Therefore, a◦0= 0 

Lemma 3.2.4 Let N be an Almost (m, n)-

semilattice with 0. Then for any a, b ∈ N, if a ≤ b 

then a◦b = 0 if and only if b◦a = 0. 

 Proof: Let a ∈ N and a ≤ b ⇒ a= a◦b.                       

 Suppose a◦b = 0. 

     Then, b◦a = b◦(a◦b)              [By definition 3.2.1]          

                     = (b◦a)◦b              [By Associative law]           

                     = (a◦b)◦b              [By Almost 

commutative law]           

                     = 0◦b                    

                     = 0                          

     Therefore, b◦a= 0. 

  Conversely, assume b◦a= 0 

      Now, a◦b = (a◦b)◦b   

                      = (b◦a)◦b              [By Almost 

commutative law]        

                      = 0◦b                    

                      = 0     

    Therefore, a◦b = 0.                                    

Corollary 3.2.5 Let N be an Almost (m, n)-

semilattice with 0. Then for any a, b ∈ N, if 

 a ≤ b then a◦b = b◦a. 

Proof: Let a, b ∈ N and a ≤ b. 

 If a◦b = 0,  

by lemma 3.2.4, b◦a = 0. 

  Therefore, a◦b = b◦a . 

 

3.3. Multipliers in Almost (m, m+1)-semilattice: 

 

In this section, we introduce the concept of 

multipliers in an Almost (m, m+1)-semilattice and 

give examples for it. Also, we prove some related 

properties of multipliers in Almost (m, m+1)-

semilattice. Further, we define some definitions 

based on an Almost         (m, m+1)-semilattice and 

also prove some important  properties based on it. 

Definition 3.3.1 Let N be an Almost (m, m+1)-

semilattice. A function f : N→ N is called a 

multiplier of N if f(x◦y) = x◦f(y) for all x, y ∈ N. 

Example 3.3.2 Let N = {a, b, c, d}. Define a binary 

operation ◦ on N as follows:  

◦ a b c d 

a a a a a 

b a b c b 

c a c a c 

d a d c d 

 

Then, clearly (N, ◦) is an Almost (2,3)-semilattice. 

Now, define f : N → N by  

  f(y) = {
a, when y = a, c
b, when y = b, d

 

Then, f is a multiplier on N. 

Lemma 3.3.3 Let N be an Almost (m, m+1)-

semilattice. Then the identity map on N is a 

multiplier on N. This multiplier is called the 

identity multiplier on N. 

Proof: Let f : N→ N defined by f(y) = y, for all y ∈ 

N be the identity map on N. 

Then, for any x, y ∈ N. 

 Now, f(x◦y)  = x◦y 

                      = x ◦f(y).    

Therefore, f is a multiplier on N. 

Example 3.3.4 Let N= {a, b, c, d}. Define a binary 

operation ◦ on N as follows: 

 

 

◦ a b c d 

a a a a a 

b a c a c 

c a a a c 

d a c c d 

 

Then, clearly (N, ◦) is an Almost (3,4)-semilattice.  

Now, define f : N→ N by f(y) = y, when y = a, b, c, 

d. 

Then, f is an identity multiplier on N. 

Example 3.3.5 Let N be an Almost (m, m+1)-

semilattice with 0.Then a function f : N → N 

defined by f(y) = 0 for any y ∈ N is a multiplier on 

N which is called a zero multiplier. 

Remark 3.3.6 In an Almost (m, m+1)-semilattice 

N, every function may not be a multiplier on N. 

Example 3.3.7 Let N = {u, v, w}. Define a binary 

operation ◦ on N as follows: 

◦ u v w 

u u u u 

v u v w 

w u v w 

 

Then, clearly (N, ◦) is an Almost (1,2)-semilattice. 

Now, define f : N→ N by f(u) = w, f(v) = v and 

f(w) = u. 

Then, f is not a multiplier on N, since f(u◦v) = f(u) 

= w ≠ u = u◦ f(v). 

Lemma 3.3.8 Let N be an Almost (m, m+1)-

semilattice and a ∈ N. Define a function 

 fa : N → N by fa(y) = a◦y for all y ∈ N. Then, fa is a 

multiplier on N. Such a multiplier of N is called a 

principal multiplier of  N. 
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Proof: Let x, y ∈ N. 

Then, fa(x◦y) = a◦(x◦y)        

                      = (a◦x)◦y                [By Associative 

law]           

                      = (x◦a)◦y                [By Almost 

commutative law]           

                      = x◦(a◦y)                [By Associative 

law]           

                      = x◦fa(y). 

 Therefore, fa is a multiplier on N 

Definition 3.3.9 A multiplier f in an Almost (m, 

m+1)-semilattice N is called an isotone multiplier 

if x ≤ y implies f(x) ≤  f(y) for all x, y ∈ N. 

Lemma 3.3.10 Let N be an Almost (m, m+1)-

semilattice and f be a multiplier of N. If x ≤ y and 

f(y) = y, then f(x) = x. 

Proof: Let x, y ∈ N such that x ≤ y, then x=x◦y . 

Then, f(x) = f(x◦y)            

                  = x◦f(y)          

                  = x◦y 

                  = x 

  Therefore, f(x) = x. 

Theorem 3.3.11 Let N be an Almost (m, m+1)-

semilattice and f be a multiplier of N. If  

x ≤ y, then f(x)◦f(y) = f(y)◦f(x) . 

Proof: Let x, y ∈ N such that x ≤ y, then x= x◦y. 

  Now, f(x)◦f(y) = f(x◦y)◦f(y)      

                          = [x◦f(y)]◦f(y)         

                          = [f(y)◦x]◦f(y)                [By 

Almost commutative law]           

                          = f(y)◦[x◦f(y)]                [By 

Associative law]           

                          = f(y)◦f(x◦y)             

                          = f(y)◦f(x)               

     Therefore, f(x)◦ f(y) = f(y)◦ f(x). 

Lemma 3.3.12 Let N be an Almost (m, m+1)-

semilattice and fa is a principal multiplier on N. If x 

≤ y, then fa(x)◦fa(y) = fa(y)◦fa(x). 

Proof: Let x, y ∈ N such that x ≤ y, then x = x◦y. 

   Now, fa(x)◦fa(y) = (a◦x)◦(a◦y)                    

                              = (x◦a)◦(a◦y)                  [By 

Almost commutative law]                  

                              = [(x◦y)◦a]◦(a◦y)            [∵ x = 

x◦y]  

                              = [(y◦x)◦a]◦(a◦y)            [By 

Almost commutative law]           

                              = [y◦(x◦a)]◦(a◦y)            [By 

Associative law]           

                              = {y◦[(x◦a)◦ a]}◦y          [By 

Associative law]            

                              = {y◦[(a◦x)◦ a]}◦y          [By 

Almost commutative law]           

                               = {[y◦(a◦x)]◦ a}◦y          [By 

Associative law]     

                               = {a◦[y◦(a◦x)]}◦y           [By 

Almost commutative law]      

                               = {(a◦y)◦(a◦x)}◦y           [By 

Associative law]      

                               = (a◦y)◦ [(a◦x)◦y]           [By 

Associative law]      

                               = (a◦y)◦ [a◦(x◦y)]           [By 

Associative law]      

                               = (a◦y)◦(a◦x)                  [Since x 

= x◦y] 

                               = fa(y)◦fa(x)                     

  Therefore, fa(x)◦fa(y) = fa(y)◦fa(x) .   

Lemma 3.3.13 Let N be an Almost (m, m+1)-

semilattice and fa is a principal multiplier on N. If x 

≤ y and fa(y) = y, then fa  is an isotone multiplier on 

N. 

Proof: Let x, y ∈ N. 

Now, fa(x)◦fa(y) = (a◦x)◦y                  

                           = a◦(x◦y) 

                           = a◦x        

                           = fa(x). 

⇒ fa(x) ≤ fa(y). 

Therefore, fa  is an isotone multiplier on N.        

Proposition 3.3.14 Let N be an Almost (m, m+1)-

semilattice and f1 and f2 be the two multipliers of N. 

Then, the composition map of f1 and f2, f1◦f2 is a 

multiplier of N. 

Proof: Let x, y ∈ N. 

Then, (f1◦f2)(x◦y) = f1(f2(x◦y)) 

                            = f1(x◦f2(y))            [Since f2 is a 

multiplier] 

                            = x◦f1(f2(y))            [Since f1 is a 

multiplier]  

                            = x◦(f1◦f2)(y) 

Therefore, f1◦f2 is a multiplier of N. 

Proposition 3.3.15 Let N1 and N2 be two Almost 

(m, m+1)-semilattices with 0. Define 

 f : N1×N2→ N1×N2  by f(x, y)= (x, 0) for all (x, y) 

∈ N1×N2. Then f is a multiplier of N1× N2 with 

respect to pointwise operation. 

Proof: Let N1 and N2 be two Almost (m, m+1)-

semilattices with 0. 

  Then, clearly, (N1×N2,◦,(0,0)) is an Almost (m, 

m+1)-semilattice with zero under the pointwise 

operation, where (x1, y1)◦(x2, y2) = (x1◦x2,y1◦y2) for 

any (x1,y1), (x2,y2) ∈ N1×N2. 

Then, f((x1,y1)◦(x2,y2)) = f(x1◦x2, y1◦y2) 

                                      = (x1◦x2, 0) 

                                      = (x1◦x2, y1◦0) 

                                      = (x1,y1)◦(x2,0) 

                                      = (x1,y1)◦f(x2,y2) 

        Therefore, f is a multiplier of N1×N2. 

 

4. Conclusions 

 
In this paper, we discussed the new concept and 

defined the conditions in an almost (m, m+1)-
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semilattice. Also, we discussed some examples, 

remarks and theorems based on it. 
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