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The steady two-dimensional MHD rotational nanofluid flow with free stream velocity,
thermophoresis and Brownian motion effects over a moving horizontal sheet in presence
of thermal radiation, heat source and first order chemical reaction is examined. Fourth
order Runge-Kutta technique of MATLAB is implement to develope the problem. The
numerical results of velocity, temperature and concentration fields are presented

Keywords graphically and interpreted for various flow parameters. It is determined that rising value
Nanofluid of magnetic, heat source and thermophoresis parameters enhance the primary velocity

MHD profiles and reduce the secondary velocity profiles while an opposite behavior of the other
parameters is seen. The temperature is increased for heat source, thermophoresis and
Brownian motion parameters but the concentration highly increased only for
thermophoresis parameter. Also, the temperature strongly varies by variations in Prandtl

Free stream velocity
Brownian diffusivity

Thermophoresis diffusivity

Thermal radiation number.

1. Introduction

In recent times, a wide range of advanced
applications of magnetohydrodynamic (MHD)
employed nanofluids by combining magnetic field
control with excellent thermal conductivity of
nanoparticles. MHD nanofluids opened up new
avenues in various research areas such as
biomedicine, energy storage, plasma studies,
magnetic cell insulation, electronic cooling system,
optics, optical control switches, drug delivery, blood
flow measurements, cancer therapeutics, nano-
surgery, metallurgical processes and magneto-
optical wave-length filtering systems, etc. [1, 2]

Due to these important applications, several studies
have been performed on magneto nanofluids flow
with heat transfer in different geometries [3-12]. On
the other hand, the heat transfer and MHD
nanofluids flow problems over a stretching surface
are mostly studied by numerous researchers owing
to its high applicability in medical and
manufacturing processes [1]. In connection to these,
steady two-dimensional flow is one of the problems
that acquired much attention. For example, S.S.
Ghadikolaei et al. [13] analyzed the influence of a
magnetic field on stagnation-point flow and heat

transfer of hybrid nanofluid towards a horizontal
linearly stretching surface using numerical method
of Runge-Kutta Fehlberg. M. Asif Zahoor Raja et al.
[14] examined the entropy generation of Darcy-
Forchheimer nanofluid flow along a horizontal
stretching sheet with second order slip, thermal
radiation and heat sink/source using artificial neural
network. The opposing hybrid nanofluid flow was
investigated by A’isyah Jaafar et al. [15] under an
exponentially vertical stretching/shrinking surface
immersed in a porous medium in the presence of heat
source and slip conditions. Muhammad Ramzan et
al. [16] explored the flow of Carreau trihybrid
nanoliquid past a horizontal stretching sheet
embedded in a porous medium with thermal
radiation and heat source/sink effects. Hanifa Hanif
et al. [17] analyzed the effects of the entropy
generation of magnetized ferrofluid over a vertical
flat surface with variable wall temperature in the
presence of heat generation by applying an implicit
finite difference, and employed the Crank-Nicolson
method to investigate the unsteady hybrid nanofluid
flow over a horizontal plate with Joule heating,
viscous dissipation, suction and thermal slip [18].

Moreover, combined heat and mass transfer
problems are the other kind of field of interest in
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analyzing MHD nanofluids flow. Many geometries
have attracted attention by researchers, some are;
sphere [19], wedge surface [20-23], circular cylinder
[24-26], disk surface [27-31], slender needle [32]
and curved surface [33].

Also, significant review papers have been done to
study magneto nanofluids flowing, heat and mass
transfer past a flat surface with various situations. A
number of studies have considered the steady two-
dimensional boundary layer flow, like Nemat Dalir
et al. [34] presenting the forced convection of a non-
Newtonian  Jeffrey nanofluid over a linearly
stretching impermeable isothermal sheet with
entropy generation and viscous dissipation, Maria
Imtiaz et al. [35] considering an exponentially
stretching sheet in the presence of viscous
dissipation and radiation effects, Yahaya Shagaiya
Daniel et al. [36] proposing the effects of thermal
radiation, viscous dissipation and Joule heating over
a permeable linear stretching sheet and S. Abdul
Gaffar et al. [37] using the non-Newtonian Jeffrey’s
model along a semi-infinite vertical plate. The
unsteady two-dimensional boundary layer flow past
an inclined permable stretching sheet was
investigated by Shalini Jain et al. [38] in the presence
of suction/injection, non-linear heat source, non-
linear radiation and n order chemical reaction. D.V.
Krishna Prasad et al. [39] discussed the influence of
thermal diffusion on unsteady two-dimensional
mixed convection Casson fluid flow past an
accelerated vertically inclined wavy plate embedded
in a darcian porous medium in the presence of heat
absorption, thermal radiation and chemical reaction.
M. ljaz Khan et al. [40] analyzed the effect of
entropy optimization and Bejan number in steady
two-dimensional chemically reactive flow of
Prandtl-Eyring nanofluid over a linearly stretching
surface with activation energy, non-linear radiation
and Joule heating. Irfan Haider et al. [41] applied
finite element method to investigate the role of
hybrid nanostructures on the thermos-physical
properties in  Williamson nanofluid towards
horizontal stretched surface with porous medium
under non-Fourier’s heat conduction and non-
Fourier’s Fick’s law. The homotopy analysis method
was employed by Abdullah Dawar et al. [42] to
study the steady two-dimensional stagnation point
flow of non-Newtonian fluid past a flat plate in the
presence of solar radiation. The effect of chemical
reaction on steady three dimensional rotating flow
above extending surface horizontally was examined
by Aziz Ullah Awan et al. [43] using hybrid
nanofluid, Kashif Ali et al. [44] using zirconium
oxide and single wall-carbon nanotubes and by
Fuzhang Wang et al. [45] using non-Newtonian
Maxwell nanofluid through a porous medium with
Brownian and thermophoresis diffusivity, thermal
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radiation and heat source/sink. Fuzhang Wang et al.
[46] considered the steady three dimensional flow
via stretching sheet with thermal radiation and slip
conditions. In another work, Aagib Majeed et al. [47]
studied the steady three dimensional flow of non-
Newtonian Oldroyd-B nanofluid via exponentially
expanding surface by taking into account thermal
radiation, slip conditions, n order chemical reaction
and heat generation. The exact solutions of the
unsteady blood flow containing gold nanoparticles
between two parallel flat plates through a porous
medium were developed by Shafiq Ahmad et al. [48]
utilizing Fick’s and Fourier’s laws approach.
Considering thermal radiation, thermophoresis,
Brownian motion and motile microorganisms, the
problem of three-dimensional bioconvection flow of
rotating hybrid nanofluid between two horizontal
plates was published by Mubashar Arshad [49] .

In modern epoch, to discuss the MHD effect on
convection heat and mass transfer characteristics,
Artificial neural networks are frequently used in
several works, including M. Elayarani et al. [50] for
unsteady bio-convection flow of Carreau nanofluid
incorporating gyrotactic micro-organisms over a
slendering stretching sheet with thermal radiation
and multiple slip conditions, Muhammad Asif
Zahoor Raja et al. [51] for oblique stagnated flow of
steady bioconvection Casson nanofluid along a
stretched sheet involving Lorentz force interaction
and gyrotactic microorganisms with partial slip and
Newtonian heating, Muhammad Shoaib et al. [52]
for Casson nanofluid flow over a nonlinear slanted
extending surface in a Forchheimer permeable
medium with slip velocity, heat source, thermal
radiation and chemical reaction, Anum Shafiq et al.
[53] for bioconvective flow of thixotropic nanofluid
through a vertical surface with Brownian motion,
thermophoresis, convective condition, and radiation
influences, Amna et al. [54] for three-dimensional
non-Newtonian Darcy-Forchheimer flow of Casson
nanofluid past a stretching surface in a porous
medium with Hall and ion slip forces, Pradeep
Kaswan et al. [55] for cross-bioconvection flow on a
stretching surface including gyrotactic
microorganisms under thermal radiation, Zeeshan
Ikram Butt et al. [56] for Casson nanofluid flow
along a permeable extended surface in a porous
medium with different slips, and Zulqurnain Sabir et
al. [57] for steady three dimensional rotating
Maxwell nanofluid flow over a linear and
exponential stretching sheets with varying thermal
conductivity, heat source/sink and reactive species.

As results, the problem of convective heat and mass
transfer for the steady two-dimensional MHD flow
past a moving horizontal sheet in a nano rotational
fluid with free stream velocity effect has unexplored
in the literature. So, the objective of this study is to
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extend the work of H.S. Takhar et al. [58] to consider
nanofluid, to neglect the Hall effects, and to include
the thermal radiation, heat source and first order
chemical reaction. This work was developed by
using the similarity transformations and the fourth
order Runge-Kutta technique of MATLAB. The
numerical results of wvelocity, temperature and
concentration fields are presented graphically and
interpreted for various flow parameters.

2. Mathematical formulation
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Figure 1. Problem geometry.

A steady flow of an incompressible, viscous and
electrically conducting nanofluid past a moving
horizontal sheet. Fig. 1 represents the physical
configuration and Cartesian coordinate system,
where the plate is aligned through the xy-plane and
z-axis is normal to it. Also, this plate is considered
infinite in y-direction, then the physical quantities
will be depend on x and z only. At the wall, the
temperature T and the concentration C take constant
values T,, and C,, respectively. Far away from the
sheet, the ambient temperature and concentration are
T, and C,, respectively. A uniform magnetic field of
intensity B, is applied in the z-direction and in the
positive x-direction the plate moves uniformly with
velocity Vj in the presence of a uniform free stream
of velocity V. The nanofluid is rotating with angular
velocity Q about the z-axis. We consider that the
nanoparticles have a uniform very small size and
shape which are in thermal equilibrium with the fluid
phase. In addition, both magnetic and electric field
is assumed very less while magnetic Reynolds
number of the flow is small. Therefore, Hall current
and ionslip effects are also neglected. The heat and
mass transport properties is computed by using the
thermal radiation, heat source, first order chemical
reaction, thermophoresis and Brownian diffusivity.
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Taking into account the model of H.S. Takhar et al.
[58] and the preceding assumptions with the
Boussinesq  approximation, the  continuity,
momentum, energy and concentration equations can
be given as [34-36]:

ox T o @
uz—u+wg—1;—20 ——%g—z (;27?
+IBT =)+ gB' (€~ C) — (Z2)u @)
ug—z+wz—z+20u=—%g—z vg—(%&)v 3
uGtrwi = e e pa T+ 2 (5]
(T =T (4
ulrwP=p, T+ 22k (c-C) )

where, the kinematics viscosity is v, the fluid density
isp, f and B* are the thermal and mass diffusions
coefficients, ¢, is the fluid specific heat at constant
pressure, K, is the rate of reaction constant, Q is the
additional heat source, k* is the mean absorption
coefficient, ¢* is the Stefan-Boltzman constant, Dg
and D; are the Brownian diffusion and the
thermophoretic diffusion coefficients, respectively.
Neglecting the Hall current, the gradients of pressure
far away from the sheet take the following forms
[58]:

_1dp _ (2B _1dp _
pax_(p) ! pay_z'QV 6)
The boundary conditions are

Ty, C =C, at z=0,
=Cyx as z—> o (7)

The used similarity transformations are

n= \/%z, u = 0xF|, v=0xF,, w=—JQVF,,

_ (T-Teo) _ (C-Csx) _ ﬂ _
F3 - (Tw_Too)’ 4 (Cw_coo), - U ' U - VO + V,
§="2 8)

14
Further, y and & represent the dimensionless
quantities of the Coriolis force and velocity ratio at
the wall and which called Coriolis and wall velocity
parameters, respectively.
The resulting similarity equations with boundary
conditions can be taken the form as

F!" + F,F/' — F/* + 2F, + GrF; + GmF,

+M [“)‘(—‘”— F{] =0 (9)
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2(1-8)

F) + F,Fy — F|F, — 2F] — MF, + =0 (10)
" 1 1 1o 12
&+;§Mﬂ&+M&&+M&
+BPrF;] =0 (11)
Fj' + ScotFy + ScFyF| — yScFy = 0 (12)
b
and
' )
Fl(o) = ;lFl(O) = OIFZ(O) = 0,F3(0) = 1;
Fy(0) =1,
' 1-6
Fl(OO) :7' FZ(OO) = 01 F3(OO) = 0) F4(OO) =0

(13)

where M, Gr, Gm, R, Pr, B, N¢, Ny, Sc, y are the
magnetic parameter, thermal Grashof humber, mass
Grashof number, radiation parameter, Prandtl
number, heat source parameter, thermophoresis
parameter, Brownian motion parameter, Schmidt

number and chemical reaction parameter,
respectively, which are defined as:
M = U_Bg, r = gB(TW_TOO), Gm = gﬁ*(cw_coo),
JoXo) 0N%x 0N%x
40*T3 ve
R="2= pr=2% p=_2_|
KK* k pep2
TpC, DT (T, —T, Tpcy,Dg(Cy—C
Nt:ppT(w oo), Nb:PpB(w oo),
Took k
- _ Kr
Sc = Dy Y= (14)

3. Solution methodology

The fourth order Runge Kutta scheme is used to
solve numerically the governing nonlinear ordinary
differential equations (9-12) and associated
boundary conditions (13). Let us substitute

vi=F, y,=F, y;=F,
—h%+ﬁ—lh—m%—m?%
—M( ¥ —Y2) =F
Va=F,, ys=F;,
2(1_6) n
VYs T2yt yat My, ———=F
y16 = F;, y;=F;,
1+%R (=Pry1y7 — Npy7¥9 — Ney3 — BPrye) = F3'
3

vs =Fy,  y9 =Fy,

N, "
Sc(—2Eys = 195 +¥¥g) = F4 (15)

b
with
5

yZ(O) = ;i Y1(0) = 01 Y4(0) = 01 y6(0) = 11
ys(0) = 11 s
yZ(Oo)Z ,y4_(00)=0, Y6(°°)=0a}’8(°°)=0

X
(16)
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The above equations are integrated by executing the
code in MATLAB to acquire numerical results, and
subsequently analyze the graphical outcomes.

4. Results and Discussions

The graphical outcomes are gained for various
parameters such as magnetic parameter M, radiation
parameter R, heat source parameter B,
thermophoresis and Brownian motion
parameters, N, and N,, and chemical reaction
parameter y. The velocity, temperature and
concentration profiles are analyzed for Pr=0.71,
Sc=1, Gr=0.3, Gm=0.3, § =0.25 and y =0.75.

Figs. 2 and 3 show the velocity profiles for various
values of Pr. It can be seen that the increase of
Prandtl number causes the decrease of F; () and the
increase of F,(n). Figs. 4-15 exhibit the influences
of different parameters on the dimensionless
velocity profiles F{(n) and F,(n). The effects of
magnetic parameter M are shown in Figs. 4 and 5,
which illustrated that an increase in magnetic field
increases the primary u-velocity F; () while reduce
the secondary wv-velocity F,(n). Lorentz force,
which is created by the magnetic field, acts as a
retarding force that leads to decrease the secondary
velocity F,(n). In contrast, an accelerating current
due to the induction of an electric field can be created
perpendicular to the secondary direction and causes
an increase in the primary velocity Fi(n). It is
observed that cross flux produced due to impacts of
Coriolis forces. Influence of radiation parameter R
on the velocity field can be seen in Figs. 6 and 7.
This parameter decreases the primary velocity
profile F{(n) and increases the secondary velocity
profile F,(n). A larger radiation parameter is
associated with an increase in the rate of heat transfer
which consequently increases the ratio of kinetic
energy and flow velocity in the secondary direction.
The behavior of heat source variable on F;(n) and
F,(n) is displayed in Figs. 8 and 9. An increase in
the heat source parameter B increases the velocity
profile F{(n) but reduces the secondary velocity
profile F,(n). The impact of thermophoresis
parameter N, is depicted in Figs. 10 and 11. We see
that this parameter has an increasing effect on
velocity profile F{(n) but reduces the secondary
velocity F,(n). A reverse trend is shown for
Brownian motion parameter N, (see Figs. 12 and 13)
and chemical reaction parameter y (see Figs. 14 and
15). The Brownian motion generates random motion
of particles and micro-mixing which rises the
collisions between particles hence primary velocity
F{(n) reduces whereas secondary velocity F,(n)
increases.
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Figure 2. Influence of Pr on u-velocity profiles.
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Figure 3. Influence of Pr on v-velocity profiles.
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Figure 4. Influence of Mon u-velocity profiles.
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Figure 5. Influence of M on v-velocity profiles.
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Figure 6. Influence of R on U-velocity profiles.
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Figure 8. Influence of B on U-velocity profiles.

0.12 T T T T T T T T T

01 1

0.08-
N 06l ,
o 006

0.04- A

0.02f '
M=1, R=0.25, Nt=1, Nb=1, y=0.5

0 r r r r r r r r r

0 0.2 0.4 0.6 0.8 1 12 14 1.6 18 2

n
Figure 9. Influence of B on v-velocity profiles.

The effects of different parameters on the
temperature profiles F5(n) are displayed in Figs. 16-
22. The effect of Pr is displayed in Fig. 16. Forn <
0.5, a slight increase is seen in temperature with
increasing Pr values and a substantial reduction in
the fluid temperature is seen forn > 0.5.
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Figure 10. Influence of N, on u-velocity profiles.
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Figure 11. Influence of N, on v-velocity profiles.
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Figure 13. Influence of N, on v-velocity profiles.

It is shown in Fig. 17 that the increase of magnetic
parameter M slightly reduces the temperature. An
increase in the magnetic field, increases the Lorentz
force resisting the velocity profile and causes a
reduction in the electrically conducting nanofluid
which gives way to decrease the temperature.
Decreasing in temperature distribution is observed
for increasing radiation parameter R, as shown in
Fig. 18. According to Eq. (14), temperature is
inversely proportional to the radiation parameter,
thus an increase in R causes the decrease in F5(n).
From Fig. 19, an increase of heat source parameter
B causes a high enhancement in temperature. As
larger values of B enhances the heat flux therefore
temperature increases. It is seen in Figs. 20 and 21
that the temperature is an increasing function of the
thermophoresis parameter N, and Brownian motion
parameter Ny, respectively. Basing on Eqg. (14), the
temperature is directly proportional to the
thermophoresis and Brownian motion parameters,
thus an increase in N, and N, is equivalent to
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enhancement in temperature. However, the
Brownian motion enhances the thermal conductivity
of the nanofluid by generating micro-mixing which
in effect causes the increase of temperature. In Fig.
22, the effect of chemical reaction parameter y on
F3(m) is illustrated. It is observed that an
intensification in y leads to a slight decrease in the
temperature.
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Figure 14. Influence of y on U-velocity profiles.
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Figure 18. Influence of R on temperature profiles.
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Figure 19. Influence of B on temperature profiles.
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Figure 20. Influence of N.on temperature profiles.

Figs. 23-30 describe the effects of above parameters
on the concentration profiles F,(n). In general,
enhancing values of all above parameters decrease
the  concentration  distribution  except the
thermophoresis parameter N;. Figs. 23 and 24
present the concentration profiles F,(n) for various
values of Prandtl and Schmidt numbers respectively.
With increasing Pr values, the concentration
decreased, as seen in Fig. 23.
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Figure 21. Influence of Nyon temperature profiles.
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Figure 23. Influence of Pr on concentration profiles.
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Fig. 24 shows that for Sc < 1, the concentration
profiles increase and vice versa for Sc > 1. The
magnetic parameter M does not considerably affect
the concentration, as seen in Fig. 25. It is because the
slight decrease of nanoparticles volume fraction due
to the lower fluid motion caused by the cross flux.
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Figure 25. Influence of M on concentration profiles.
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Figure 26. Influence of R on concentration profiles.
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Figure 27. Influence of B on concentration profiles.
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Figure 28. Influence of N, on concentration profiles.

When radiation and heat source parameters increase
in Figs. 26 and 27, the temperature gradients
increases and consequently the particles move away
from hotter areas, leading to decrease the
concentration. Conversely, the thermophoresis
parameter N, highly increases the concentration, as
illustrated in Fig. 28. The thermophoresis parameter
enhances diffusion and causes a more uniform
dispersion of particles, causing higher concentration
distribution in the fluid. From Fig. 29, Brownian
motion parameter N, diminishes the concentration
profiles F,(n). The reason is that the Brownian
motion enhances the thermal conductivity and
thermophoretic force of the nanofluid which tends to
move the nanoparticles from hot to cold region and
results the decrease of concentration. For increasing
y, the chemical species consumption increases more
effectively, causing a fall in concentration field,
according to Fig. 30.
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Figure 29. Influence of N, on concentration profiles.
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Figure 30. Influence of y on concentration profiles.

5. Conclusion

In this investigation, the steady two-dimensional
MHD flow past a moving horizontal sheet in a nano
rotational fluid is analyzed by incorporating the free
stream velocity, thermophoresis and Brownian
motion effects in presence of thermal radiation, heat
source and first order chemical reaction. Similarity
transformations are used to obtain the coupled
ordinary differential equations which are solved with
the fourth order Runge-Kutta technique of
MATLAB. The numerical results of velocity,
temperature and concentration profiles are
interpreted for various parameters. The obtained
results are as follows:

¢ With the increase of magnetic, heat source and
thermophoresis parameters, primary velocity
enhances while secondary velocity reduces.
However, opposite behavior of the radiation,
Brownian motion and chemical reaction
parameters is seen on the velocity profiles.

e The temperature is reduced for magnetic and
chemical reaction parameters but increased for
heat source, thermophoresis and Brownian
motion parameters.

e The concentration field is decreased with rising
value of all parameters but highly increased
with thermophoresis parameter.

e The temperature is considerably reduced with
increasing Prandtl number.
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